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l. INTRODUCTION

This paper gives a unified account of a body of work on Hardy-Littlewood theorem of functions regular in the
unit disc, relating Particularly to the fractional derivatives and integrals of such functions.
Twotypesoffractionalderivativeand integral
arediscussed.Foreachofthetwotypesoffractionalderivativeconsidered,a function analogous to the Littlewood-
Paley g-function is defined,and the properties of these two g-type functions are discussed. The results obtained
here include Several new inequalities, and, inparticular,an extension (Theorem5)of a theorem of Hirschman for
indices less than or equaltol.

The remaining contents are as follows.In§ 4the Hardy-LittlewoodMaximal theorem is applied to obtain
an inequality for fractional derivatives.In810 an auxiliary theorem equivalent to one of Hardy and Littlewood is
proved, and this is used to obtain anew proof of a theorem on majorants.In8811-12 new proofs of the Hardy-
Little wood theorem on fractional integrals and of some related results are given,and in813a theorem
ofHardyandL.ittlewoodontheconvolutionseriesoftwo
Powerseriesiscompletedandextended. Theresultsobtainedhaveobviousapplicationsintheclassical
theoryofFourierseries,viaM.Riesz'stheorem on conjugatefunctions, butthesearenotstatedexplicitly.
2.We assume throughout this paper that ¢ is a function regular in the unit discA= {z € C:|z| < 1}, and
thatp(z) = Lo c14c2'* (z € D).

We write
1

1 T i0 1+e T+e
M (p,1—¢€) Ej |(p(1 —e)et | de (e =20)
-

M(p,1-€) = Myo(p,1—€) = sup|o (1 = e)e® )|
)

It is familiar that if (¢ = 0), then M;,. (¢, 1 — €) increases with (1 — €), and therefore tends to a finite limit
or +o ase — 2. We define

ul+e)(p) =limM (9,1 —€)(e 20) (2.1)
the value+oo being allowed. The class of ¢ for which the limit in (2.1) is finite is, of course, the class H'*€. It

is familiar that if ¢ € H'*¢thenghas a radial limitp (e) = lim,_, ((1 - e)e“’) for almost all@, and that
1

H14e(@) = {%f_ﬂ ||(p(ei0)|1+ed9|}m €20

For any real or complex - valued function fmeasurable in the interval[—m, w] we write
1

— 1 " 1+ed9 1 >0
meh = oz [ @) (=0

Nite(@) = i (f) = ess sgplf I
the value+oo being allowed. The class of f for whichN; . (f) is finite (wheree > 0) is the classL' *¢ (—m, ). For
any number1 + eused as an index (exponent) and such that € = 0, we writee = 0, so that 1 + eand % are
conjugate indices in the sense of Holder’s inequality we extend this notation to include € = 0and € = +oo.
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Any inequalityL < R quoted or proved is to be interpreted as meaning if R is finite, the Lis finite, andL < R. We
useA(b,c,...) to denote a positive constant depending only onb,c, ..., not necessarily the same on any two
occurrences,A by itself will denote a positive absolute constant. We also sometimes writeB for constant of the
form A(b, c, ...), these too are not necessarily the same on any two occurrences. We need the known theorems.
Theorem A.Let0 < € < oo,Let f, gbe real-or complex — valued functions measurable on[—m, 7], and let

1 T
hO) =5 | £O-09@ de

Then
N%(h) < N1+E(f)N1+€(g)

This is a well — known inequality ofW-H Young.(see for example,[22,i.p.37].
Theorem B. Letf be a function measurable on the interval (0, +c0), let f(x) = 0 for x > 0 and let F5(x) be the
Riemann — Liouville integral of f of orders with origino, i. e.

1 X
FG) = 5 j (x =) f () dy
If € > 0 and either

1+ 2¢ 1+e€
€=>0,6> ,ore > 0,0 =
Then
1
+00 +o0 2 T+e
{f x—(1+e(1+26)6)F61+26(x)dx} <A(1+2e1+¢€68,e—1) {f x€ f(1+e)(x)dx}
0 0
For § > ——— this is essentially an elementary application of Hélder’s inequality, for

(1+2€)(1+e€)
€

(1+2e)(1+e€)’
integrals of real function (see [5,Th.2]).
Theorem C. If ¢ € H'*¢, where € > 0, then ¢ can be expressed in the form ¢ = ¢, + ¢, where @,and ¢,are
regular and have no zeros in A, and

then result lies deeper, the case e = 0 being the Hardy-Littlewood theorem on functional

te(@) < 2Ny (@)  (i=12)
This is a familiar theorem of Hardy and Littlewood ( [8,p.207]).

Theorem D. If € = 0and y = maxifD, %], then
1+ e)#[Cryel < A1 + €Ny (@)
This also is due to Hardy and Littlewood ([12,Theorem28]).
Theorem E. Let 0 < € < 1, and letS(8) = S;_.(8)be the open subset of A bounded by the two tangents from
the pointe®® to the circle with center oand radius1 — e, together with the longer arc of this circle between the
points of contact. Let also ¢be regular in A and let
®(6) = sup |p(2)|

z€S(0)
then fore = 0 py () < A(1 — 6,1 — €)uy4. (@) This is the Hardy — Littlewood complex Max' theorem (see,
forexample,[22,i,p.278]).
Theorem F. Let @be regular in A and let

1
1 T | Y1 pif—it g | 1T TH2e
B ¢ (1—¢)e dt|
Tit2e0(0) = o+2e-1 g — J :
126 (6) { | © | i
Ife >—-1,0 > max{l, 1::} then

:u1+e(T1+Ze,a) < A(l + 26: 1+ €, 0)H1+5((p)-
This is one of the consequences of the Littlewood — Paley g- theorem. (see[3,Th.15]).
Theorem G. Let f € L'*¢(—m, ), wheree > 0, let the complex Fourier series of f beY>., ¥ e™?, and let

Y@ = D st e ),
€=0

Then
M+ () < AL + )Ny, ()
This is equivalent toM. Riesz’s theorem on conjugate functions. (see Hardy and Littlewood[9] for futher
explations).
In addition to these theorems we also make extensive use of Hdlder’s inequality, and of Minkowski’s
inequality in the form
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1+2e

1+2eY1+2¢
e[ renmorar} | < [noray {[ 11000 0
Wheree = 0 and f, g, hare nonnegative. We use also the analogous result for € = +co, namely

sup { f fOo,y)h(©) dy} < f {sgp f (x,y)} h(y) dy

3.Fractional derivatives and integrals: The definition f fractionalderivativeandintegralwhichisusedin§8§3-13 is
asfollows.
Lete isregular in A, and

[ee]

0@ = Y et (zen)

P
Then for any e > —1 the fractional derivative v ¢ of ¢ of order1 + € is given by

v*eo(z) = Z (1 +e)t*eci 21t (z € D) 3.1
e=—1
Clearlyv'*€¢ is regular in A, and
VIt (Y @) = pitetrg (3.2)

For all nonnegative 1 + ¢,y
The corresponding definition of the fractional integral applies only to functions vanishing at the origin. Thus
ifp(0) = ¢y = 0, then for any e = —1the fractional integral v, ¢ of ¢ of order 1 + €is given by

V() = ) (14 €)1, 24z € 1) (3.3)
e=0

As for fractional derivative, the fractional integral fractional v,,.¢ is regular in A and

Vl+e (Vy (P) = Vitery? (34)
For all nonnegative 1 + €,y
When ¢(0) = 0 (3.1) and (3.3) can be used to define v,,.¢ and vi*t¢pfor all reall + €(so that v, . =
v~ 1+ ¢ for all real 1 + €) and then (3.2) and (3.4) hold for all real 1 + €, y.
The functions v;,.¢ and v'*€p defined above seem to have been first studied by Hadamord [7] . For

e>—1,i"1*y . o ((1 + e)e“’) is the Welyl fractional integral of order eof the function 6 — go((l +
eerd, and for any positive integer 72

imy™m ((1 + e)ei") = ;;—nzl(p ((1 + e)e”’)

Thus the definitions (3.3) and (3.4) correspond roughly to differentiation and integration with respect to 6.
We note also that if mis apositive integer then
d m
m — —_—
@ = (22-) 0@ 35
So that v'has its traditional meaning of z%.

For e > —1the fractional integer v, . ¢is connected with @by the relation

Vite® ((1 - E)e"g) = F(%E)LHE (log ! ; E)E (o e') %U (3.6)

Where 0 < e < 1this relation is easily obtained by term integration, using the formulae
1+e 1 1\ ¢

1+e @
1+ E)_(1+E)f (log 6) o¢d cff (log—) 5€ds =f tee~(+9qt
0 o 0 8 0

=1+ 6)—(1+€)l"(1 +€) (3.7)

where e > —1

The formula (3.6) was obtained by Hadamard [7,p.157],but does not seem to have been used by subsequent
writers on fractional derivatives and integrals. In§84-12 wedevelopthetheory ofthe functions v*€¢¢ andv, .,
making systematic use of the formula (3.5).
4.Application of Hadamard's formula (3.6), we prove :
Theorem 1. LetS;_.(6) be the Kit — shaped region defined on Theorem E where0 < e <1 let ®(8) =
SUPses, . (0)l@(2)], and lete > —1. Thenfor 0 <e < 1.

[vitep(1 —e)e| < Al +6,1—€)(1 — e)(e) " 1H9D(H)  (4.1)
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Asimilar result for a different type of fractional derivative isProved by Hardy and Littlewood [17,Th.5] (see also
Hirschman [18,Lemmad4.1],and Flett [6,Th.8]).Suppose first that 1 + €is positive integer,m say and let Gby the

circle with centre z = (1 — €)e® and radius%(l —€)(e). By (3.5), for z = Owe have
g = D) L [(PED©

z v <P(Z) Z d 21i . (C_Z)m+1

where Pis polynomial of degree m — 1in , zdepending only on m. SinceG c S;_.(8), it follows that
1+ oo (- e)e?)| <Al +e,1-e) ()™ (6) (4.2)

and this implies (4.1), sincev™ ¢ (0) = 0.
Nextlet1 + ¢ be nonintegral, and let m[1 + €] + 1(where [1 + €]denotes as usual, the integral part of 1 + ¢€).
Sincev!*€ 9 = v,,_q40 (V™ @). (4.1) gives

) 1 +e 1-
U1+e(p ((1 — E)elg) = —[‘(m Yo E))JO (IOg ~ 6)

and since log% > 1 —xforx > 0,and m — € < 2, we obtain from (4.3)and (4.2)that

|v1+e(p ((1 _ E)ei9)|
1+e
<A(l+61—e)P(B)(1 —e)™tet? f 1l-e—o0)"*(1—-0)"do (4.4)
0
On substituting o = 1 — € x, we see that the integral -*on the right is equal to
1

m—e

o d
v o(ce®) 70 (4.3)

()70 f (= 22 dy < ()00 f A+ 9@ (45)
1 1

and (4.4)and (4.5)together imply (4.1)for % < p < 1. On the other hand, if 0 < p < % then the integral on the
right of (4.4)does notexceed

1+e
2m f A-e—o)"2dog=2"1-e)" ¢ (m(1+e) <A1 +e)(1—e)m ¢ (e) 1€
0

and again the inequality (4.1) follows.
THEOREM 1.COROLLARY 1.If -1 < € < oo,, then for0 < e < 1,
M (09, 1-€) < (1+61+€e)(1 - e)(€) Ny ()

This follows from the main theorem and theorem E, withe = %,n = % (say). Applying this Corollary to the

1
functionz - ¢ ((1 — 6)52), we deduce also

THEOREM 1.COROLLARY 2. Let & > 0and let
My (pl-€e)<c(1-e)(0<e<1)
Then fore > —1

Mis 00,1 ) AL+ 6,1+ (1~ )2 (1 - )7), (e 2 0)

5.Theorems of Littlewood —Paley type: We consider next aGroup of three theorems closely related to results
of Littlewood and Paley,Hirschman,and the [23].

For any ¢ regular in the unit disc A, and for any positive 1 + ¢, let
1

1 1 (1+2e)(1+€)-1 ' " d(]. _ E) 1+2¢
Gri2e14¢(0) = {f (10g ) |U1+E(§0(1 - €)elg)| : }
0

1—¢€ 1—¢€

Theorem 2. If e > —1, and eithere > 0,6 > ———ore > 0,6 = ——— then for each 6.
(L+e)(1+2¢€) (1+e)(1+2¢€)
Grize1se(@) SA(L+26,1+61+68)G(+6),1+e+5(8) (5.1)

In particular, if e > 0and y > 1 4+ € > 0, then for each 6
G1+26,1+E (6) < A(l + 26: 1+ €, V)Gl+25,y (9) (52)
Theorem 3. If € > —1, then
e (Grizene) S AL+ 26,14 €114 (@) (5.3)
Theorem 4.0 < e < % and ¢(0) = 0 then

(@) A+ 26,6 + L1+ py1c(Grazeate)
The results of Theorems 3and 4 with G;15.)(1+¢) replaced by the functiong;12¢y(1+¢)9iven by
1

1+2¢

1 . (1+42¢)
Ja+26)(14e) = {f (6)(1+26)(1+E)—1(1 _ 6)—(1+2€) v(1+5)¢ ((1 _ e)elﬂ)| d(l _ E)} (55)
0
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Are already known. The cases € = 0, of these results forg(; ,¢)1+¢)Were proved by Littlewoodand Paley
[19],the functiong, ;being the well-known Littlewood- Paley g-function. The remaining cases where e = Oare
due to Marcinkiewicz and Zygmund [20],and the cases where € # Oare due to Hirschman [18]and
theAuthor[4,6]. Thecrucialresultforthesetheoremsfor g 12¢)¢14¢) is that
for g, 1correspondingtoTheorem3(i.e.the Littlewoods-Paley(g-theorem),all the other results being obtainable
from this.It is easy to pass from(5.3)to the corresponding inequality for g ioey(1+¢) And vice-versa,for it is
obvious that ife > 0,

Ga2e)1+6)(0) < A1 + 26,1 + €)g1426)(146)(0), (5.6)
and in virtue of Theorem 1,we have also

1
> 1
2
983 0@ = fo + fl <A(L+26,1+)PM2€(0) + A1+ 26,1+ )G 20,0 (57
2

fore > — % Itisalsonotdifficulttodeduce Theorem4fromtheresultfor g ; 42¢)(1+¢)COrresponding to Theorem 3.

However,the arguments involved in the proofs of these various results,at least fore # 0,apply much more
naturally toG 1 42¢)(1+¢) than t0g(1426)a+e)and it seems worth while to give independent proofs of Theorems 3

and4.The inequality (5.1)is new.It shows in particular that the cases € # %,e # 0 ofTheorems 3and 4are

implied by the cases ezé of  these results, and thus provides a new proof of theresultsof

Marcinkiewicz.Theimple specialcase(5.2)alsoenablesustoreducetheproofof Theorem3tothecasewherel +
€ isapositiveinteger,andthisinturn simplifiesone oftheestimatesinvolved.
6. We prove Theorem 2:1f € > —1,8 > 0 then v} ¢ ¢ = v5(v1 T ¢), so that by (3.6)

. 1 e 1—e\? . do
1+e _ i 1+€e+6 7Y
oo (- 0e”)| < 15 0 (108=5) [ eu(e)] =
The required inequality (5.1) is therefore a consequence of the following Lemma
Lemma 1. Let hbe a function measurable on the interval (0.1), let h(1 —€) = 0 for0 < e < 1 and let

1 [l 1—e\1 do
hs(1—¢€) = @J; (log > ) h(a);

If e > —1, andeithere > 0,6 > ————ore > 0,8 = <

(1+2e)(1+€) (1+2e)(1+e)
Then
1
1 1 (14+2e)(1+€)—-1 d(1—e) 1+2¢
1 > h1+2€ 1—
{L<Og1—e 5 ( € 1—e€
1 (1+€)(2+€)5 -1 d(l _ E)
<A1 +2¢14+€(14+€),06) {f (log T E) Rl*(1 —€) 1—}
0 — —

This follows easily from Theorem B by transformation.
=1 1 1_1 1 — —8—1h( —l)
x_ogl_evy_ogo_)f(x)_x e x|
The lemma may also be proved independently of Theorem B. InOur arguments we make essential use only of

the case € =0 (thisGives the inequality (5.2)), and since the direct proof of this case ofThe lemma
isparticularlysimple,wegiveithereforthesake ofcompleteness.

Lete = 0,8 > 0, and choose u depending on 1 + 2¢,1 + €, §such that If—, <v<l+e+ zf_" For € > 0 we have,
by Holder’s inequality (6.1)
{T(6)hs(1 — )}+2¢)

1+e 1\ +2em 1-e\0! 140 do L+e 1\ # 1-e\’ldg) ¥
<t (osg)  (os) wr@ T (osg) (le) T
{fo (Oga S i (@) o 0 85 87, o

1+€

5—1
E) h142) (5)do /o, (6.1)

+ 2e)u <log p
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The second factor on the right of the first line of (6.1) being evaluated by means of the substitution% =
log(l%e),i = logi.lf € = 0, the final inequality (6.1) holds trivially (where% is interpreted as 0).Writing
— (1+2e)(1+€)8

k
1 1 (14+2e)(1+e)—1 d 1 —€
f (log ) h§1+25)(1 —€) —( )

0

— (1 + 2€)u, we therefore have for e = 0,

1—¢€ 1—¢€
<A1+ 2¢61+¢€,0)

T e ()
0 %81 ¢ 1-¢€), 85 %5 e
=A(1 + 26,14+ ¢,6)

1 1 (14+2€e)u do 1
. f <log—> h1+Ze(a)_J
0 o [

1

(s (s 2 62

On substituting § = % t= logi we see that the inner integral on the right of (6.2) is equal toA(1 + 2¢,1 +

y
—€

gdlogloc+d—1.and the result now follows.

7.We take next the proof of Theorem 3, and here we useTheorem F (so that the proof, like that
forgi.i2¢1+¢ depends ultimately on the Littlewoods— Paleyg-theorem):

As remarked above, it is enough to prove(5.3) when € + 1 is a largelnteger.We note now that if £ = Z—il then
. 1 (" o o .
1+e€ _ 0 — _ i0—it ' _ i —it € _ it
v <p((1 €)e ) = anﬂ(l €)e 1) ((1 €)e )v E((l €)e )dt.

It is immediate from(3.5)that for positive integral (1 + €)?

[V’ E1 —e)e| < Al +e)(1—e)|1 — (1 —e)e (7.1)

00,

1+2¢

And thereforealso
lo'i(1—e)e? | }

s
1— —-2(1+42€)|,,1+€ 1— 2,100 < Al f i
(1-e) |v ((p( €)e )| <A +e) T —e)et|ie

m lo'1(1 — e)e®~| dt m dt 2e

<A(l+e) j it |(142€)(e—1)+2 f it |2
 11=(@0—e)e| r 11=(@1Q—e)e?]

, L 14+2¢

) ((1 - e)e‘a_”)| dt

. |1 _ (1 _ E)eit |(1+25)(e—1)+2

8.For the proof ofTheorems 4. We useanargumentof atypefirstemployedby Littlewoods

andPaleyforthecasee = 00f the g1.¢1.e-theorems,and subsequently extended by Hirschman[18]and the

author [6] to the casee # 0.ForGy,,.1cthe argument takes a verysymmetrical form:

To prove Theorem 4,it is enough to show that if if 0 < € < % then

Mite(@,R) < A(1 426,14 6,1+ )Niye(Grizer+e) (8.1)
For 0 < R < 1, since the expression on the left of (34) is equal to

1 (™ )
Zf o(Re®)V(6) do

Where the supremum is taken over all complex — valued trigonometric polynomialsV satisfying ui+e(V) = 1, it
€

T

=A(1+26,1+e)(1—-(1—¢€)?)72% J

sup

is therefore enough to prove that for any suchV

1 (" .
—f p(Re®)WV(0) do| < A(1+ 26,14 €1+ pi1c(Grizente) (8.2)

2m

=T

When 0 < R < 1.Let

N N
VO = ) kyyee®O0 let £2) = Y ko7t
e=0

e=N-1
and foranyy > 0and 0 < R < 1 let

1
Lok [ A -
, _ _ i6
ey @ = [ (o) e 0o 9422
By Theorem 3 and Theorem G
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ﬂlj(Hk"y) <A+ 26,1+ €y)M1+e(§,R) <A1+ 6,1+ €6,y (V) = A(1 + 26,1+ €,y) (83)

We note now that
N

T
f o(Re®)V(0) do = ZHZ Crick_(ie R
- €=0
And hence, by the (19) for any positive 1 +€,7,
i3 21+E 1 ety de T
Re®)V (6 de——f ) J. L+e 1- 0)pr &(R(1 — ) do
f_ﬂ(p( ¢ ) © Fl+e+y) gl—e 1—e€ _nv (( €)e )v E( (1 -ee )
21+E €+y )
=——| do 1 ) vt o ((1—€)e ) v E(R(1 — €)e® 8.4
r(1+e+y)f_,, f o8y o (A -0e)v £(R( - 0e) =2 (5a)
By Holder’s inequality with indices1 + 2¢, k~ the absolute value of the inner integral on the rlght of (8 4)does
not exceed Gy 42,14 (0)H,,' , (—8)and there exceed fore, by Holder’s inequality with indices1 + €, ﬁ
1 1+e+y T
— Re® )W (@) do| < ——— G 0)H, (-6
2| oW ®) d0| < s [ Grneae OHy 0)
Zl+€+y
< le-}-E (Gl+2€,1+€)ﬂlei(Hk',y) (8.5)

Taking y = 1(say), we obtain from (8.5)and (8.4)the inequality (8.2)and this completes the proof when
€ = +oo, the inequality (33) is false for all e > —1. To prove thisLet ¢(z) = ¥2,(1 + €)(log(1 + €))Lzl 7e,
so that ¢ is unbounded in A. Then for e > —1we have

v+ 0 (1 - ) |Z(1 +)(log(1+ €)1 (1 - O < AQ + )1 + ) ()4 (log J)

Whence Gy1zc14.(0) < A(l + 2¢,1 + ¢€) for all (sincee > 0), and this prove the statement.
We note in passing that the results for the functiong;,,. .definedin(5.5)correspondingtoTheorems3and
4arenowimmediateconsequences of(5.6)and(5.7).Whene > Owe have also an inequality
forgy +e2 1+ COrresponding to(5.2),but we postpone the proof of this until §16.

9-1t is probable that the inequality of Theorem 4 holds for % < € < 1.We are unable to prove this in full

-1

generality, but we can deal with the case—%<e§1for certain values of (1+¢€)3.In

contrasttoTheorem4,thecase € = +o is true here.
Theorem 5. If ¢(0) = Oand either (i) (ii)0 < € <o, Then

e (@) = A1+ 26,1461+ €)N1+i(61+25,1+e) 9.1
We consider first the case where ¢ is regular in the closed disc A, and we show that in this case the inequality
(9.1)holds for € = 0,—% < € <0, the limitations on €+ 1 in (i) and (ii) arise only in the reduction of the

general case to this special one. Suppose then that ¢ is regular in A and thate > 0, —% < € < 0. Itis enough to
show that

Miie(@,1) S AL+ 26,1+ 6,1+ i e (Grizeve) (9:2)
Since ¢ is regular | n A, the formulae (3.7) give

€

0(e®) = ﬁfol (logl%e) vt ((1 - e)ei0)1d_—eg,

and therefore

. 1 1 1 N d(1—€)
i < 1+e i
(el _F(1+e)f0 <l°g1—e> o (@-oae)| 5= ©3
This trivially implies (9.2)fore = 0,. Let ¢ be defined as in Theorem 1 with € = 5 (say). Then

—(e+1)
v 0 (1 - e)| < Ale + DA ~ )~ DB(9) < AL +€) <log = E) o(6),
Whence, by (9.3)
' 1 1 (14+2€)(1+€)-1 ] 2e+1
lp(e®)] <A1+ 26,1461+ 6)(13_26(9)f (log1 E) |v1+5 @ ((1 - e)e“’) d(1
; Z
= A(1 + 26,1+ 61+ D 2(0)GIF2,,.(0) (9.4)

Ife < oo, then (9.4) gives
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1

T 14€
My, (9, 1) <A(1+26,1+€1+¢€) { f P2+ (9) 612019 (6) de}

—T

Applying Holder’s inequality with indices —- and then Theorem E, we obtain
My (9, 1) S AL+ 26,1461+ e)um(@)u%i:l(61+25,1+5)A(1 +26,1+¢61

+ E)M1+e ((P, 1)“%5—:—1(61+26,1+E) (95)
And since M;,. (¢, Disfinite, this implies (40). If € = +oo, then (9.2)follows immediately from (9.5), and
again we obtain (9.4).
Suppose now thate is regular inA, and let 0 < R < 1. Aplying the special case to the functionz — ¢(Rz), we
get
Mifé(p,R) < A(1+2¢6,1+¢,1

1

1 (1+2e)(1+e)-1 1 _ E) 1+2¢
+ e)f de {f log1 — e) [vi*e o(R(1 - 6)e19)| } (9.6)

If € >0, then
fol (log - i E)(l+ze)(1+e)—1 v+ o(R(1 - e)e 19)|1+2e dee
= J;)R (log§>(1+26)(1+€) 1 |v1+e ¢(R(1 _ e)ei9)|l+26 (%a
< _LR (10g§>(1+26)(1+e)_1 |v1+6 <p(R(1 - e)ei0)|1+2€ c%g < Gt 0)
Hence

MITZ(p, 1) S A +26,1+ €1+ Ot (Grazese)
and this implies (9.1). If e > —1, then (9.6)gives

Mi$Z(p,1) < A(L+ 2€, 1+E)f log1 )

Since the inner integral on the right increases with R , we may replace R on the right by 1, and this again
implies (9.1).

We note explicitly the case € = 0 of Theorem 4) and 5, viz
Theorem 6. Ifp(0) = 0, and —% <€ <1,then

Pr2e(@) < A1+ 26,1

(1+2e)(1+e)-1

e o(R( - E)ei9)|1+26d0

(1+2e)(1+e)-1

T 1
+¢€) {f_n J;) (log1 — E) |U1+e (p(R(l _ E)ei9)|1+26(1 — olded(1

1
1+2¢
—€) .

10.Atheoremonthe meansM .1 (¢ - 1 — €).We prove next
Theorem 7. Let ¢(0) = 0, let 0 < € < 4o, and let

1

1 1 (1+2e)(14+€)-1 d(l _ E) T+2¢
— 1 ) M1+2€ , 1-—
1={[ (e g1 -9 5

J <A1 +26,1+€1+ €N, (p) (10.1)
This is equivalent to a result of Hardy and Littlewood [12,Th.31;17,Th.Il].The theorem can be proved in
various ways, and we give here a variant of the proof in[17]which makes the least demands on the theory of
theH¢ 1 classes.
Suppose first =1 < e < 1, and let C = N,(¢).
Then

Then

1

. C 2 1- ey 1\72
Mg, 1-0 < Y Il @+ < Yla P (-9 ) <c(—) <c(log—) .

€=0 e=0
And therefore for —o < e <1

—(1+€)

i E) (10.2)

2

1-¢ £
My (9, 1—€) < Mevi(p,1—e)M5™ < C (log T
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Hence

1 2e+1 d(l _ E)
k < 2e-1 2 —_ -
e [flogr—)  Matp1-05— (103)

Next, since

1+e d
o(a-ae)= [ v g(ee),
0

Minkowski’s inequality gives
1+e

1 do
M1+E((p'1 _E) = M1+E(v @, o—)?
0
(the case € = +oo being included and hence, by (10.3)and the case € = 0,5 = 1of Lemma 1.

1 2e+43
(log ! ) E M2, (vip,1—¢€) de
1-¢€ o ’ 1-

€

1 2e+3
d(1—¢)
2 1 _ 2
(logl_e) Men o, (A=) ——

JHH26 < A(1 + 26,1 + e)czf—lf
0

= A(1 + 26,1+ €)C2 1 f (10.4)

0

By (10.2) applied to the function z - v1p((1 — €)z)
—2(e+1)

Malp, -0 < (logr—)  Miwip1-eo
and hence, by (10.4)and (3.7)

L 1
JI*2€ < A(1 + 2¢,€ + 1)626—1f <log T 6) M;(v'p,1—€)
0

d(l1-¢)
1—¢€

! 1 d(l—e
= A(1 +26,€ + 1)C2 f (log7=) Dl + e le P+ ez XL~9)
0 1-e¢ 1-¢€
- e=0
d(l—¢
= A1 + 2¢,¢ + 1)C21 ZchelZ (1 + 26, e)Cze—l%

e=0
And this is (10.1) with € = 1. In this case it is enough to prove hat if ¥ is regular in A, and 0 < € < 4o,

then
1

1 1 (1+2e)(1+€)-1 1+2¢
{ [ (logs—) MI2E(p,1 - (1 — e)%d(1 — e)}
0

1—-¢€
<A1 +261+€€e+ 1N, () (10.5)
For the inequality (10.1) follows from this with ¥(z) = z~'¢@(z). Further by Theorem C, it is enough to

1+e

prove (10.5) when 1 has no zeros in A. Let i be such a function, let y =9y 2 ,s =2,e = —1. Then § > 2,e =
0 andN{H () = N2(x), so that for this v the inequality (10.5) is equivalent to
1

1 1 (14+26)(1+€)-1 T+e
{j (log > Ml(x,1—e)(1 —e)*d(1— 6)}
0

1-—e¢€
<A1+ 26,1+€,e+ 1N, (x) (10.6)
But, by the case € = 1 of (10.1) applied to ¢(z) = zx(2)

1

1 1 (14+2e)(1+e)-1 T+e
U (log ) M1 — e —e)2d(1 — e)}
0

1—¢€
<A1+ 26, + 1N, (x) (10.7)
If k > 1, (10.7) implies (10.6) immediately. If e > 0, then on putting (1 — €)*¢ = ¢ *2¢in the integral on the
left of (10.7) and note thatM,(y,1 — €) = M,(y, o)

. 1+2e . 1+€ 1+e .
(since 1 — € = a1+ > g), we see that the left side of (10.6) does not exceed (E) times that of (10.7),

whence again (10.6) follows, and this completes the proof.
For certain 1 + € we have a stronger result
Theorem 8. Let ¢(0) =0, let w = (wy,.) be a sequence of numbers such that |w;,.| < 1 forall € + 1, and let

Pu@) = Y Criew 2 (2 € D) (10.8)
z=0

If —1 < € < oo, then
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1

1 1 (1+2e)(1+e)—1 d(1 _ E) 14+2¢
U (log ) M (w1 =) ——— ]
0

1—¢€
<A1+ 2¢1+¢€,e+ 1N () (10.9)
If € = 1, this follows from the trivial N, (¢,,) < u,(¢), and inequality (10.1) applied to ¢,,.
If € < 1, then by (10.1) with € = 1 we have

1
—(262 +e+1)

1 1 d(l _ E) 1+2¢
{f (log 1 e) M3t (p,1—€) ﬁ} <A + 26,1+ )14 (@) (10.10)
X _ _

Further, by (10.2) applied to ¢,,, we have
1+2€

1 1+e
(lo—) " Men@1-O s My(pu1- S Myp1-©  (101D)

For 1 < e < 40, and (10.10) and (10.11) together give (10.11)) choosing w in Theorem 8 so that ¢y, w4, =
[c14¢| forall 1 + €, we deduce the following result.

0.2) = Y lerielz™* (2 € ) (10.12)
e=0
If -1 <e < +4oo,thenl
1
1 1 \(+2e)(+e)-1 . d(1—e) Tize
f (log1 — E) M: (., 1 —€,) —c <A1 +3¢,e+1,e+ 1N, (@)
0

In particular, if -1 < € < 1 then
1

1+2¢

1 1+ _
e e d(1-e)
f (log1 E) et (1- E)ﬁ <A1+ 2¢,e + 1)N; 4. (¢)(10.13)
. _ _

And if 0 < € < 1, then

1
The inequality (10.14)is equivalent to a theorem of Hardy and Littlewood [8,Th.15],and(10.13) can be deduced
from two results Of the same authors[10,Th.3;8,Th.5].The proofs of these results given by Hardy and
Littlewood make use of the inequality

1 d(1—e) T
U Pt —¢) j} < A(1 + )Ny, (@) (10.14)
0

1

© Tre
{Z(l + e)f-1|c1+€|1+€} < A1+ €)Ny.e(9) (10.15)
e=0
Where 0 < € < 1, and are a good deal less elementary then proof above.
It has been shown by Hardy and Littlewood [8] that for 0 < e the inequality (10.14) implies (10.15), the
argument here being relatively simple. We thus obtain effectively a new proof of (10.15) for —1 <e <0 It is
natural here to ask whether

Nite(p) < A1 + €)Nii (@) (e > —1)m(e # 1) (10.16)
For every sequence w = (wy,.) such that |w;,.| < 1. As might be expected the answer is negative. If (10.16)
were true for e > 1, and this is known to be false a counter - example being

¢(z) = Z(E + 1)_%_6 el(1+o)log(1+€) s1+e (5 > ()

(Hardy and Littlewood [8,p.206]).This argument show also that the inequality

N1+5 ((P*) < A(l + €)N1+e((p) (1017)
is false for e > 1.
To disprove (10.16) for € < 1, we may take ¢(z) = X(1 + e)_%z”f,wl+€ = e/(+e)log(1+e)
Here ¢ € H'*¢ for e < 1. On the other hand ¢, has nowhere a radial limit so that Ny, (¢, ) = +oo for all
1 + € (see [22,i,p.186] and [21]). The question whether (10.17) holds for € < 1 seems to be open (see[15]).
11.The Hardy-L.ittlewood theorem on fractional integrals: The preceding results enable us to give a succinct
proof of the Hardy Littlewood theorem on fractional integrals ([12,17];see also [22,ii,p.140]).
Theorem 9. If (0) = 0an e > —1 then

ter1(W14e®) < (L + €€ + Dy () (11.1)

Suppose first that € < 1, and let 1 + 2¢ = min{e + 1,2}. Then by Theorem 6 and the case € = % of Theorem 4,

we have
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(14+2e)(1+e)—1

+1) f:rdﬁ {fol (loglie) |v€+1(p ((1

1

} (11.2)

€+1
1+2€ d(1 - e)}lﬂe
—€

—oe 9)|

Since v (v,,. @) = ¢, applying successively (11.2) withg replaced by v;,.¢, Minkowski’s inequality, and
Theorem 7, we obtain.

ey Tie
- 1 1 \a+2e)+e)-1 1+2e d(1 — €))*2%
.\, -
s <arecr o [aof [ (ogr ) o (- a0 422
1 1 \@+ze)d+e-1 d(1—¢€)
<AQ+e1+6) {f (log1 — E) Miz2 (o, (1 - ))Te} SAQ+el+ N ()
0

As required.
This leaves only the casee > 1. To deal with this, we can use a simple conjunct argument which enables us to
deduce the required result from the case 1 < e already proved. Since the argument is a particular case.

Ife > 0, the result of Theorem 9 continues to hold for e = +o0. To prove this we use the case € = +oo of
Theorem 5 (i) and Theorem 7. We thus obtain

o) =t o) b u—@e”)lfil

1
<40 -9 [ (logg— < A4 () (11.3)

This can be strengthened slightly, as can also the case € < 1 of Theorem 9. Let w = (wy.) be a sequence of
numbers such that |wy, .| < 1, and let ¢,, be defined as in (10.8). Since

Vi+ePw = VoPw = U%_l (vl(pw)'

€ €

e) M(6, 1—6)

We have

Heri@raep) < A+ O (v1_19) <40+ O (v2 10) <AL +61+ i)
By a double application of Theorem 9.In particular, if ¢, is the majorant of ¢ defined in (10.12) then
.u'+e(vl+e(p*) < A(l +¢€, +€)”1+e ((P) (114)
It follows from a theorem of Hardy and Littlewood on majorants [11] that (11.4) is stronger then (11.1) when e
is an even integer, and it is probably stronger for all € > 1.
If0 < € < 40, then the argument above can be combined with that of (11.3) and (with ¢, = ¢,) gives the
inequality.

D A+ O T ere] S AT+ Opre (9) (-1 < € < 0)

e=0
This, however,is weaker than the casee < 0of (10.15) (see Hardy and Littlewood [12,p.421]).
12.Theorem 6 enables us also to give simplified proof of the following theorem of Hardy and Littlewood
[12,Th.46]:
Theorem 10. Let —1 < e < +00,0< 1+ € <y, letp(0) =0, and let

-y
My e(p,1—¢€) < (log ) (-1<e<0)

1+¢€
Then
1+e—y

1+6) (-1<e<0)

Mi (V0,1 —€) <A1+ 6,14+ ¢€,y) (log
Suppose first that 1 < € < +o0. By (3.6),

Vi+e® ((1 - E)ele)
Whence, by Minkowski’s inequality,

1te 1—6 . do
mf (55) oloe)

1+e

log

€ do
My (0401 —€) < —5) My (e

F(+e)
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fHE | 1-— e>€ (l 1) 14 do F(y 1+e) (l )”E_V 121
_F(1+e) Og o °¢5) & r(y) Ogl—e (12.1)
The last integral in (12.1) being evaluated by the substitution ilogi,}( = IOgi

Suppose next that —1 < e < 0, By Theorem 6with € = 0, applied to the function z - v;,.¢((1 — €)z), we

have
(1+e)(1+e)—1

1+e 1+e€ dt
M1+e (171+€§0, 1- E) < A(1 +e€1+ E) lOg?) M1+e ((P. (1 - E)t)T
0

t

1 —(1+e)y do
! —) i
( Og(T g

13 (A+e)1+e)-1 1 —Q+er g4
SA(1+E,1+E)J. log—) (Og(1+e)t)

1+g 1—¢ (1+e)(1+e)-1
—A(1+€1+E)f log e )

(1+e)(1+e-y)

=A(l+¢1+¢€,y) (log1 —e)
(by the same substitution as before),and this completes the proof.Combining Theorem 10 with Theorem 1,

Corollary 2, we obtain The following result (cf.[12,Th.46]).
Theorem 11. Let —1 < e < 400,y > 0,y < 1+ ¢, let ¢(0) = 0 and let

1 Y
M (p,1—€) < (log1 — 6) (-1<9p<0)

Then
1+e—y

Mt (W0, 1 —€) <A1+ 6,1+ ¢€,y) (log1 — e) (-1<e<0)

13.The convolution series of two power series: We suppose Throughout this section that ¢,y are regular in A,
and that

oo oo (o]

0@ =) 62" P = Y dr 2 @) = ) crpedy e

i i . i e=0 n=1 e=0
It is easily verified that y is regular in A, and that

x((A—e)?ef) = %fjfp ((1 - e)eie'“) P ((1 - e)e“) dt

It follows immediately from Theorem A that if € > 0, (so that max{1 + ¢,} < ﬁ < +m),and p € H'*€, Yl €
1—¢
HE™1, then y € Hixe.
Hardy and Littlewood [16,17]have given generalization of this result in which the condition that
My (', 1—€) < K(—e)* (13.1)
For some ¢, if € = —1,, then (13.1) is weaker than the condition that 1 € H'*¢ (cf. Theorem 1, Corollaryl),

1—€
however, the conclusion that y € Hi+e remains valid. If —- < € < 0, then (13.1) is equivalent to the condition

that 1p € sz(l + 26,1 + €), and is stronger than the condltlon that 1p € H'™. In this case the conclusion that

XE H1+e remains valid when ¢ € H® fors < 1 + €.
In this section we generalize these theorems by replacing(13.1) by a similar condition involving
My, (v**€, 1 — €) where e > —1. Such results were stated by Hardy and Littlewood [16] for the case where
1 + € is a positive integer m,but no proof for m > 1has been published. We find in fact that there are three
distinct theorems
Theorem 12. Suppose that

1—e€

e>—-1,e<1<
1+¢

That ¢ € H'*€, and that
—(1+€)

1
M1+E(U1+61/), 1-e)<K <log1 _ 6)
Then
() SAK(Q1+ 6,1+ €1+ €)pyi (@)
1—€

In the remaining two theorems we regard €, 1 + €, A as given, and define r, s in terms of them.
Theorem 13. Suppose that e > 0
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1 1+@1+e)?

0<A<1+4e-—=
Sothat 0 < s <1+ €) that ¢ € H?, and that

1
My (9,1 - ) < K (log—)

1+¢€

-1

If € < 400 (S0 that € > 1), then
pee(r) < KA1+ 61+ 61+ € D1y (9) (13.2)
1-€

If e < +oo (so that e = 1), and s < 1, then y is continuous in A, and for each 8
, 1 1 1 \¢ N\ de
i < 1 ) 1+e 1 i
) < g [, (leeg=) lex (v 0e) 1=
<Al +ee+11+¢6, )M () (13.3)

Theorem 14. Suppose that the hypotheses of Theorem 13 hold and that in addition s < 2 < 1 + €. Suppose also
that w = (wy,.) is a sequence of numbers such that |w;,.| < 1 forall e + 1 and let

Xw (Z) = z Cl+e d1+eW1+ezl+E(z € A)

e=0

If e < 400 (S0 that € = 1).Then
Uire(xw) < KA1+ 6,1+ €1+ €, Du(p)
1—€

And, in particular if

1) = ) lersediyelz* (2 € 1)
€=0

Then
pire(x,) S KA1+ 6,1+ 6,1+ € Dus(p) (13.4)
1-€
Ife =4 (sothat e =1)ands < 1,
Then

Z|Cl+edl+e| < KA1 +e€1+¢€1+ ¢ )u,(p) (13.5)

e=0
Proofs of the cases € = —1, € < oo of Theorems 12 and 13 are given by Hardy and Littlewood in [16,17].They
have also proved in[13, 14] the cases € = 0 of the inequalities (13.3) and (13.5).The proofs of Theorems
12and13given here are similar in principle to those of the cases e = 0 in [17], but we have made some
simplications.In the proofs of Theorems 12-14we may assume that e = 0, and in Theorem12 we may assume.
e=—1weletthate >0, 0<A1<1+¢€and

1
My 0,1 - ) < (log—)
We observe now that, by Parseval’s theorem for any real y we have

v1+e+y)(((1 _ E)Zeie) — %J‘n ((1 _ 6)6(1‘9—1'1:)) 1]1+51/) ((1 _ E)eit) dt

And hence, by Theorem (6.2.1)
M, (1 ), (1= €)2) < My (0 9,1 = )My, (0144, 1 — €)

-y
< (log = e) M. (vYp,1—€)(13.6)
Consider first the proof of Theorem 12.Here € < +oo and 4 = 1 + ¢, and we choose y in (13.6) to the fixed
positive number (e - g - y = 1). Applying successively Theorem 4 with € = % and 1+ e replaced by 1 + € +y.
Minkowski’s inequality, the inequality (13.6) Minkowski’s inequality again and Theorem 3 we obtain

1-€
2(1+€\ 14¢

-1

T 1 1 2(1+e)+y—-1 . 2 d(l—e) 1—€
1+ _ 0 - 7
,u%(x)SB Lde{fo (logl_e) |v E)(((1 €)et )| | T |}
(1+e) 2
1 1 2(14e)+2y-1 d(l _ E) 2
<B (1 ) ME (W' 1 — €) ———=
{fo og1 . %(U X €) 1—¢
1
1 1 2(1+E)+2}/—1 d 1 —€ 2
=B {f (log ) M (Wt y, (1 — €)?) ¥}
0 1-¢ = 1-¢
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1 1 \or+t d(l—e)%
<5{[ (opr) M- 0?00
: _

1—¢€
1+E%
<o) [Cao{[ frogr ) ro(a-oe) B2 <
= - S Ogl—e v €)e 1—¢ = DU+ @

And this is the required result. We prove next the case § > 2, < +o of Theorem13. Let 1+ 2¢ =

min {E 2}. Then by theorem 6 and case € = % of Theorem 4

1—e€
A+2e)(1+e)\ 1+e

1+2¢ d(1—¢€) 1-e
1-—¢€

(1+2e)(1+e)—1

|v1+ex ((1 _ E)ei6)|

1

T 1
w0 =81 [ {0 S
Applying successively Minkowski's inequality,the inequality(13.6) with y = 0, and Theorem?7,we obtain
1
14+2¢ 1+€ _

(logl—e) Mi%i ™16 1—¢€
1 1 (1+2e)(1+e)-1 d(l _ E) T+2¢

=B 1 ) M2y, (1 — €)2) ———=

[ (roe— L2y, (1 - ) S

1
H1+ (X) - B J (1+2e)(1+e)-1 d(l _ E) 1+2¢
T 0
1
1

(14+2e)(1+e)—(1+2€)2—-1 (1 _

1 1 d E) 142€
SB{fo (10g1_6> Meliff(%l—f)l—_e} < By, (),

Since 0<s<1+21+e—A= % - ﬁ This proves the appropriate part of Theorem 13. Similarly, by

applying (13,7) to yx,, and using Theorem 8 in place of Theorem 7, we obtain the case s < 1, < +o of
Theorem 13,we note that if 0 < R < 1, then

. 1 1 1 \¢ o d(1l—¢€)
Y — 1+€ _ 0
x(Re?) = Ta+o 6)]0 (log—1 — e) v x(R(1 —e)e®) T (13.8)
Let 0 < s < 1. Then by the increasing property of M and the inequality (13.6) withy =0
L 1\ d(1 - ! 1\ d(1 -
=2 [ (1og2) MO 1092 <B [ (logr)  Milp1 -0
V5 € € V5 1—¢€ €

Further, by Theorem 7

1 1\ d(1—¢€)
[ (log=) Mt 1-0=—2<BN(0)
0 —€ €

It follows that the integral on the right of (13.8) is convergent, uniformly in (R, 8), and this implies that y is
continuous in A, and that (13.3) holds. A similar argument, using Theorem 8 in place of Theorem 7, gives the
corresponding case of Theorem 14. The reremains the case s > 2 of Theorem 13,which is deduced by a
conjugacy argument from the case already proved.The argument here is identical to that used by Hardy and
Littlewood in their proof for the case € = 0 but since the proof is short, we give it for the sake of completeness.

Let s > 2, so that also E > 14 € > s > 2. As in the proof of Theorem 4, it is enough to prove that if V is a
trigonometric polynomial satisfying Ni—<(V) = 1,thenfor 0 < R < 1.

1+e
1 (" )
Ef x(R%e®)V(6)do
T
Let V(0) = XV oy k11e€@T99, and let £(2) = T g k_110yz'F€. Then

1 T . 1 - x . -
%_I_HX(RZeﬁ)V(Q)dB =WJ_HV(9)d9 j_HQD(Relt)l/)(Re”’_”) dt

< BN,(¢) (13.9)

1 (" . .
= Z—I @ (Re'")é(Re™™)dt (13.10)
T =1
Where
1 (" a
f(Re“) — Ef V(G) ll)(Reig_Ht)dt — Z K_(1+E)d1+€ e(1+6)it
-1

e=0
. 1- ’ 1— 1 1 1
Hence ¢, v, & are related as ¢, , y. Since also 1 < ﬁ <s <2and 1—+§ —-== =
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We may apply the case of Theorem 13 already proved to &,1, e with E,s' in place of g,s. Using also

Theorem G we thus obtain
ts (§) < BN e(s‘) < BN e(V) = (13.11)

Applying Holder’s inequality with indices s, s’ to integral on the right of (13 10) and using (13.11), we obtain
(13.9), and this completes the proof.

14. An alternative definition of fractional integral and derivative: An alternative definition of fractional
integral which has been used by a number of authors is as follows.As before, let ¢ be regular in A, and let

[oe]

0@ = Y et zen)

e=—1
Then for any € = —1 we define the fractional integral D; . of ¢ of order ¢ by
(e + 2) — (e +2)
Diyeq(z) = 21 1mc1+ezl+€ = 1mc1+5226+2. (14.1)
p— —

Where Z1*€ has its principal value.i.e
71*¢ = exp(1 + €(log|z| + iargz)),—-n <argz<m
This definition is also due to Hadamard [7].By term-by-term integration, we have

(1+€)i0 1+e . )
Dy ((1 —€)e’ ) (1-e€)—0) ¢ (ce)do,

r(1+e)),
Where e+ has its principal value
The definition of the fractional derivative D€ ¢ if order e > —1 normally associated with the definition (14.1)
is that

1+e d "
D (P(Z) = <dZ) Dm—(1+e)(p(z): (142)
Where m = [1 + €] + 1 (see Hadamard [7, p.156]).With this definition we have the series expansion
Z‘” T(e +2)
1+e —
D (p(z) F(l) C1+El (143)

Where Z=(+€) has its principal value, and % is interpreted as 0 when 1 + € is an integer v = € + 2. When

1 + € is appositive integer,. D1*€ ¢ is the 1 + € the derivative of ¢ in the ordinary sense the definition (14.2) is
satisfactory for —1 < e < 0 but is less Satisfactory for non integral € > 0. In particular, the function D*€¢
defined above is,for some purposes,too large in the neighborhood of the origin when. € > 0.In the sequel we
use another definition which avoids these difficulties. For —1 < e < 0 we define D' ¢ by the series (14.3),
and then for € > 0 we define D' *€¢ by the relation.

[1+€]
DHE(p(Z) = plte—[i+e] (d_) 0(2). (14.49)
Z
With this definition,we have the series expansion
I'e+2
D'*¢p(z) = ¥Cl+e
r@)
1+e=[1+¢€] ]
For any e > —1, where Z~(+€) has its principal value. Further, if Z = (1 —¢€)e® andy > 1+ € > 0 then
I(e+2) e(r-(+e)i6 1+e

D'*¢¢(z) = (1-€e—0) 2DV ¢p(ce?)do, (14.5)

Ty Gtet S
1+e=[1+€] rw F(y -+ 6)) 0
Where eY=¢~1 has its principal value. When B is appositive integer, D'*€¢ is the Sth derivative of ¢ in the
ordinary sense, so that in this case the definitions (14.2) and (14.4) agree. The analogue of Theorem 1for the
derivative D' *€¢ is as follows.
THEOREM 15. If @ is defined as in Theorem 1, then for € > 0.

|Dl+e(p ((1 _ E)eie)l < A(l + E,T])(l _ 6)[1+€]_1+E(6)_(1+€)CD(9), (_1 <e< 0)
The proof is similar to that of Theorem1,and we omit it.
15. The function associated with the derivative D'*€ corresponding to the function Gq,.1. is defined
by

1

1 T+2¢
Gl+25,1+e(9) — {f (6)(1+26)(1+E)—1(1 _ 6)(25)(1+e—[1+e]) |D1+e(p(1 _ E)em |1+Zed(1 _ E)}
0
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Here it is necessary to insert some power of 1 — € in the integral to ensure the convergence of the integral at
0Owhen 1+e—[1+¢€]=> H% The particular choice of the power made here enables us to carry over to

G142¢1+¢ the argument of Theorem 5, using Theorem15 in place of Theoreml.The function G, , is precisely
the Littlewood- Paley g-function.
The analogue of Theorem 2 for Gy, 14, is more difficult than Theorem 2 itself, and we confine our selves here
to the casee = 0.
THEOREM 16.c = 0andy > € + 1 > 0 then for each 8
r1-1
Grizerve SA(L+ 26,1+ €7) Z 1Citel + G1426(0) (15.1)
e+1=[e+1]
The proof of Theorem 16 depends on the following lemma.
Lemma 2. Lete > 0,y > 0, and let

1
I = f (x + y)—(C+2€)xC+E—1 (1 _ x)c—ldx
0

Then
I <A(c+26c+ec)yc(1+y) o (15.2)
Let Bdenote a constant depending on some or all of a, b, c.If y > % and y < x +y < 3y, whence
1
I < By—(c+26)f xc+e—1(1 _ x)c—l dx = By—(C+2€),
0
And this trivially implies (15.2).We may therefore suppose that 0 < y < % and here it is enough to prove that

I < By=*9) Write
1
y 3 1
0 y E

In 11,x5x+ys2y and (1 - x)c—l < B, whence
1
Il < By_(c+25)f xC+€—1 dx < By—e_
0
IN 15 ery<x and (1 —x)7' < B, whence

— 4)c1
In 13%Sx+y52x and (1 —x)“~' < B, whence

1
Igst1 (1-x)"'dx =B.

2
Hence I < By~ 4+ B < By~¢, as required when € = 0, the integral | can be evalued explicitly, viz

_Tlc+2e)(c) _, —(ete
© T(e+20) y L4 y) e
(see,for example, [1,i,p.10, formula(11)]).
We actually use two in equalities derived from Lemma 2 by simple changes of the variable,namely that if € >
0, thenfor—-1<e<0

1
f (1-0)" 291 —e—0)* 1 (06)1do < A(c + 2¢,c + €,¢)(1 — €)% () (15.3)
0
Andfor0 <o <1
1
f 1—e) 91 —e—o)* () Tde < A(c + +2¢6,¢c +€,¢)(1 — o) 27 1g7¢ (15.4)
0

The next lemma is essentially an extension of the case € = 0Theorem B.
Lemma3: Leth(e —1) >0for 0 <e <1,andlet

1 1+e€
Hs(1—€ =—f 1—€—0)°h(o)do.
s( ) T ), ( )°h(o)
If620,6>0,1—e<k1—,,then

1
J- (6)(1+2€)(1+e)—1 (C + ZG,C +¢, C)(1+2€)(1_6)_(1+2€)6H§1+2€)(1 _ G)dE
0
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1
<A(1+2¢1+¢€6,1—¢) f (e)+2a-a+(1+26)6-1(1 _ )A+26)(A-)p(A+26) (1 — £)de (15.5)
0

Choose p, w depending on 1 + 2¢, 8, 1 — €, such that
) 1) 1
F<#<1+E+F,1—E<W<F.
Writing B for a constant depending on some or all of 1 + 2¢, §, 1 — ¢,0btain from Holder's inequality and (15.3)
that fore > 0
{T(8)Hs (1 — €)}'**¢

1+
- {f 5(1 _ O')(1+€)” (1 —e— 0_)5—10_(1+26)wh1+26(0-)d0-} {J.
0 0

(1+2€)8 (1+€)8

1
< B(1 — e)k -(+2e)0 (g)k -(+2e)u f (1- J)(1+26)u 1-€e—- 0)5—10(1+26)w h(1+2€)(0')d0', (15.6)
0

1+2¢

1—€ , , K
1-0)*r1—-e—-0)1o7k “’da}

Since u > f—,, d>0and w < ki If € = 0 the final inequality in (15.6) holds trivially (where ki interpreted as 0).
Writing
F2=64 (14200 (1+201—6)c= (14261 +€) + 20
c = €)W € €),C= € € k’—(1+26)/,l
We therefore obtain from(15.6)and(15.4)that for e = 0
1
f (E)(1+2e)(1+e)—1 1- E)(1+25)n—(1+25)51_16(1+26)(1 —e)d(1l—-e)
0

1—€

1
< Bf (e 1@ - e)‘(”f)def (1 —0)1+29m (1 — ¢ — )0 1h1*2¢ (g)do
. 0 0 . 5-1
< Bf (1 _ o.)(1+26)u 0.(1+26)(u h1+26(0)d0f (1 _ E)—(c+e)(1 —e— O') Ee—ld(l _ 6)
0 0

1
< Bj (1 _ O.)(1+25);4+6+c—1 0'(1+25)“’+5_C_26h1+25(O')dO',
0

Since € > 0,6 > 0,c > 0, and this is the required inequality.The relation of Lemma 3to the case ¢ = 0 of
Theorem B can be seen by substituting

FGO) = (14 %) R ((1 frx)),u +26) = —1— (14264, (1 + 26)& = —(1 + 2€)(e — A) — 1.
We thus obtain

+o0
J (1 + x)(l+e)x—l(1+e)(l+5)F61+25(x) dx
0

+00
< A(1+ 2¢,6,1,6) f (1 + x)(+26)8 x—1-(+20A £142¢ (Y (x,  (15.7)
0

Where € 20,6 > 0,4 > —1,§ <1+ 4 and F; is defined as in Theorem B. For & < 0 this is an immediate
consequence of Theorem B with f(x) replaced by (1+ x)*f(x) but for 0 <& <1+ it requires.An
independent proof.There is presumably an extension of (15.7) with index e < 0 on the requires an independent
proof. There is presumably an extension of (15.7) with index € = 0 on the right,but we do not pursue this
point.

Lemma 3 does not apply if € = 0,¢ = 1 and here we have an Almost trivial result, namely.

LEMMAA4. Let h, Hs be asin Lemma 3and let € > —1,5 > 0. Then

1 1
f () Hs(1—e)de < A(1 + ¢, 6)f (€)¢*% h(1 — €)de.
0

0
Consider now the proof of Theorem 16.In view of the definition (14.4),it is enough to prove the inequality
(15.1) whene > 0and [1+€] <1+€ <y <[1+e€]+ 1. Itistherefore enough to prove it when [y] =1+¢€
and wheny = [1+ €] + 1.
If[y] = [1 + €], then, by (14.5),

. 1 1-e .
1+€ _ i0 < I y—1—e-1 4 i0
|D (p((l €)e )| *tg-1i-9 —E)fo (1-€e—-o0) |D"@(ce®)|do.
For e = 0 we have only to apply Lemma 4 withé =y —1—¢,n = — [y]) (1 - —1:26), this gives

1 1426
f (E)(1+26)(1+6)—1(1 _ 6)(25)(1+e—[1+e])—6 |D1+E(P ((1 _ 6)e19)| d(l _ 6)
0
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! . 1+2¢
<A(1+2¢1+e¢, y)f (€)1+207=1 (1 — )@ ~IrD |DV<p ((1 _ 6)e16)| de
0

And this obviously implies(15.1)for this case. If y = [1 + €] + 1. Then (14.5) gives
|D1+E(p(0(1 _ E)eiﬂ |
< A1+ €)|cpiq|( + e)"Felited
1 1-e .
s y—1—€-1 4 i0
+ F(y s+ 6))J; 1-€e—-o0) |D (p(ae )|da.
Here we have only to apply Lemma 3 with e = 1 and again we obtain the required result.
16. Lemma 3 enables us also to prove a theorem similar to Theorem16 for the function g4, 1+, defined
by (5.5)
THEOREM 17. If € > 0,y > € + 1, then for each 6.
J14261+e(0) S A+ 26,1+ €,¥)G142¢(0) (16.1)
Let § =y — 1 —¢, It is clearly enough to prove (16.1) when § > 1. SinceV'*¢p = V5 (V¥ ), we then have
(exactly as in the proof of Theorem 1)

. 1 1-e )
(1 - ) oltep(l —e)e| < —f 1-€e—-0)o v p(ce?)|do.
(8 Jo

Applying now Lemma 3 with € = 1, we obtain (16.1).

17-In view of Theorem 16, the argument of 8 7can be applied to G;,5.11¢ and gives a result
corresponding to Theorem 3.However,we can cover a number of such cases by using Theorem 3
directly,and we conclude with a proof of this. There are similar analogues of Theorems 4,9 and 10.

THEOREM 18. Let € > 0, > —1,u = max {0% — 1}, and let (dq,.)be a sequence of numbers such that, as

€ =
m

iy = (1+ )+ z a,(1+ €)™ +o((1+ O™ 1) (17.1)
v=0
Where m is affixed integer such that m > p and «a, ..., a,, are fixed numbers.Let also ¢ be defined as usual, let
x(2) = X c1yedipez' ™€ and let
1
1 1 (1+2e)(1+e)-1 142¢ d(l _ 6) 1+2¢
_ _ _ i0
Mtz s (0) = { fo (108—) - |x(a-ee?)| - }
Where c is bounded on the interval [§,1] for 0 < § < 1 and the integral in (17.2) is convergent at 0.Then for

1
€=-
2

,(17.2)

ter1(Tiszerre) S AL+ 26,6 + 1,1 + Opeyr ()
We may obviously suppose that ¢ (0) = C, = 0. Let C = u.,1(¢), let B denote a constant depending on some
orall of 1 + 2¢,¢ + 1, and write

1
= 1
(1+2¢) _ |*? -
l—‘1+25,61+e _L +f1 _]1 +]2

7 2
By Theorem D,|Ci .| < BCusep, and since |di,.| < A(1+e)'*<, it follows that | x((- e)ef9)| <
BC(1—¢) for% < e < 1, whence also J; < BC1*2€,
Next, by (17.1), we can write

X=) A+, 0@, +¢
v=0

Here

[o0] [oe]
(A=) <4 1+ 10 |(1 - 14 S BC Y (14T (1= ) (1 - )i+
e=0 e=0
< BC(E)_l
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