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I. INTRODUCTION.
There are several means that interpolate the geometric and series of arithmetic means; see [9], [13],[12] and
[14]. One that attracts many researchers is the so-called Heinz mean ), H;_; given by

af(a, + &)t 4+ a ttl(a, + €)f
ZH§_1(ar.ar+8)=Zr(r ) (A +e)
r

2
r
Notice that), Hy(a,, a, +€¢) =H"y(a,,a, +¢) = Zrﬁis theseries of arithmetic mean and},, Hi(a,, +¢) =
2

Y.va.(a, + ¢) is the series of geometric mean.[12].
In 1951, Heinz [8], in his study of perturbation theory of operators, proved that for the operator norm ||.||, given

A%, B% positive definite, for any X, that
||A%XB§|| < %IIASXBl‘S + AEXBE|. 1)
In 1993, Bhatia—Davis [1] proved that if A%, B%, and X are n by n matrices with A% and
B%positivesemi definite, then for every unitarily invariant norm |||.||| [12],
| A7XBz|| < % |AEXB1— + A1¢XB€|| < % | AZX + XB? (2)

Another mean, which is of interest mainly in chemical engineering, statistics, and thermodynamics, is theseries
of logarithmic mean defined as

1
—¢
L — — € 1—¢ .
Z r(@nar +2) Z loga, log(a, + ¢€) Z f art(ar +e)de
r r r o

It is well known that

1
Z G.(a,,a.+¢) < Z L.(a,,a, +¢) < ZAE(ar, a, +¢) 3
r r r
In 1999, Hiai—Kosaki [10] obtained the following refinement of the inequality (2) showing:
1 1 1 1
| azxBz| < |||, AxBede]|| < [|azx + Bax| 4)

called the series of arithmetic-logarithmic-geometric (A-L-G) inequality [12].
After seeing inequalities (2) and (4) it is hard not to be curious about the relationship between the Heinz
andseries of logarithmic means. This was our motivation to investigate this problem[12].

Assume Y. M, (a,,a, +¢€), Y. N.(a,, a, + &) are symmetric homogeneous means on (0,00) x (0,00). M..is said to
M, (A —4y)
Nr(}‘i_)"j

strongly dominate ). N, in notation) .M, « Y. N, if and only if the matrixzrl J is positive
ij=1,..,n
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semidefinite for any Aq,...,Ap> 0 with any size n (see [11] for more details). Note that the inequality), M, <
Y. N, is stronger than theusual order };. M, < > _N,. In [10], Hiai—-Kosaki gave an example showing this.
1

Another example was later obtained by Bhatia [4]. Moreover, if Az is a positive semidefinite matrix with
eigenvalues Ag,Ay,..., Ay, then),. M, < Y. N, is equivalent to the operator norm inequality [12].

2 lwecas x| < 3l aorx]|
r r

1 1
where © is the Schur—Hadamard or the entrywise product, and ;. M, (A2, Az) is the matrix whose ij entry is
Zr Mr()"lsxj)[lz]

1
Schur’s theorem asserts that the Schur—Hadamard product of two positive matrices is positive. Two matrices Az

1 1 1 1

and Bz are said to be congruent if Bz = S*A2S for some nonsingular matrix S. If Az is positive, then so is every
matrix congruent to it. Aseries of a complex-valued function f. on R is said to be positive definite if the matrix
[f: ((xp)i — (x,);)] is positive semidefinite for all choices of points {(x;)1, (X;)2,...,(X;)n} < Rand all n =
1,2,.... Another interesting result that we are going to use is the well-known theorem of Bochner (see [11] for
more details) which asserts that a series of function f, in L'(R) is positive definite if and only if its Fourier
transform £, (€) > 0, for almost all & When calculating Fourier transforms, we ignore constant factors, since the
only property of f. we use is whether it is nonnegative almost everywhere.[12].

In this paper we first present a necessary and sufficient condition for the strong dominof the series of
Heinz mean by theseries of logarithmic mean. This follows from the following theorem, which may be of
independent interest, on the positive definiteness of functions; see [2], [3], [4], [5], [6], and [11] for other results
on positive definiteness of functions. Second, using a standard result on a norm of the Schur multiplier, we
derive norm inequalities extending results given by Bhatia—Davis and Hiai—Kosaki on A-L-G mean matrix
inequalities.[12].
Theorem 1. Lety, £, (x,) = ¥, reosh(cLxr)

sin hifk,)

Then f.is positive definite if and only if

3 3
——<e<-

The following formulas are known from [7] and we provide the proofs for completeness

Lemma 1. Fore < 0, we have
J‘ sinh(1 — &)X, nsin(l —¢&)n

sinh(x,) cos(L + &), dx, 2(cosh((1 + &)n + cos((1 — &)n) ®)
‘ cosh(1 — g)x, nsinh(1 + &)n
f sinh(x,) ~sin(l + e)x; dx; 2(cosh((1 + &)n + cos((1 — &)n) ®

0
Proof. To compute the above integrals we use the method of residues. We proceed in two steps.

Step 1. Let us consider the complex valued function

sinh((1 —¢€)z,) ei(1+e)z;
Z(P(r) Z sinh(z,) Y

Then ¢_ has poles at the points zk—1kn fork =+1,42,.. Now, consider the contour

integral}:, fr ¢, (z.)dz,, where I is the rectangle with vertices at (—R,0), (R, 0), (R, in) and (—R, in) described
counterclockwise, with an indentation y, : z. = gel%for 0 > 0 > —m, so as to avoid the pole at in. Since there
are no Singularities of the integrand inside I', we obtain by Cauchy’s theorem for analytic functions

fZ(p (xr) dX+f2<p (R + iy,)idy,
R T
fZ(p (%, + im)dx

fZ(p (z,)dz, + fZ(p (%, + im)dx, +f2(p (—R +iy,)idy,.

Ye T

Using the estimation lemma, we obtain along the two vertical lines
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T
f Z o, (R +iy,)idy;
0 r

By Jordan’s lemma, we get

- 0 and fZ(pr(—R+iyr)idyr —»0asR->wo. (7)
x T

limf Z ¢, (z)dz, = i(—n — 0)(—isin(1 — e)m)e+o" - (8)

e-0
YE r
On the other hand, using the identities
sinh(a + ib) = sinh(a) cos(b) + i cosh(a) sin(b),
we obtain
i(1+e)x

R
e

E +'d=§ —<1+€>“f inh(1 — &)n + i cosh(1 — in(1 — ¢e)n] d

Rf r ¢, (%, + im)dx s e Snh(x) [sinh( g)m + icosh( g)msin( e)7] dx

€

and
R —i(14+¢&)x

R
e
P — —(1+e&)m i — — — 1 —
f E o, (x, + im)dx E e fsinh(xr) [sinh(1 — &) — i cosh(1 — e)m sin(1 — &)n] dx.

— T &
Combining the two above identities and using Euler’s formula, we obtain aftersimplifications [12]
&€

[ D0+ imax,
R T
+Zf2<pr(x + im)dx,

r o —e

R
» sinh(1 —&)m
= Z e~ l0+xr L cos(1 — &) j ~sinhx (2cos(1 +¢) dx,
-
[ cosh(1 — )
cosh(1 — &)x
+isin(l—e)x, f —_—

&

sinhx, 2isin(1 + &)x, dx,

Using
sinh(1 — &) sinh(1 — &)m
fz @, (x,)dx, = Z f cos(1+e¢) dx, = ZZJ‘ cos(1 +¢) dx,
sinh x, sinh x
—R T r —R
and taking e — 0 then after that R — oo, we obtain

( sinh(1 —
2fsm( am

sinhx, cos(1+¢) dx,

0
a sinh(1 — &) .
+ Z e+ 2 cos(1—&)m J ———— cos(1+ &) dx, — 2sinif{fil — &)m

sinh x,
0

y fcosh(l —em
sinh x
0

Step 2. Similarly as in Step 1, we may consider the complex valued function

sinh z,

Then ¥, has poles at z, = +ikm where k = 0,1,2, ...Consider the contour integral fr Y. ¥.(z.)dz,
where " is the same contour as in Step 1 with two indentations y,,:z = ce +imfor0 > 6 > —m,so as to
avoid the pole atim, and y,,:z = ce? for0 > 6 > —m, so as to avoid the pole at 0. By applying Cauchy’s
theorem, .[12]we obtain

sin(1 + &)x,.dx, —wsin(l — &) n} =0. 9
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lelf(xr)dx+ J-Z‘P(zr) dz + J-Z‘P(xr)dx+lelf (R + iy,)idy,
ysz r
+ J- Z‘Pr (x, + im)dx + lelfr(zr) dz, + f Z‘Ifr (x, + im)dx,

Yer T —€1

0
+ fz Y (=R +iy,)idy, = 0.
T

T
By Jordan’s lemma, we get in Step 1

lim J- E Y (z,) dz, =i (—m — 0)(—cosifl — &)me~ 1" = incosifl — g)e~ 1+
g1
-

Yeq
and

lim f Z W () dz = i (=7 — 0)(—coshif0)e® = i .
b d

Ye, T
After similar arguments as in Step 1, with some small changes, by taking limits ase, - 0,e; > 0 and R - o,

successively, [12] we get

h(1 -
ZICOS - en sin(1 + €) x,.dx,

sinh x

B ] wcosh(l -
+ Z e (A+e)m {Zlcos(l — S)T[J- Wsln(l + 8) x,-dxr

0

o wcosh(l —&am ) )
+ Z 2isin(1 —¢) x, J ——————cos(1+ &) x,.dx, +imcos(1—¢&)y—im =0 (10)
sinh x,
0

cos(1+¢&) x.dx.and ] =3, [,

o cosh(1— e)n

Let = er sinh x.
written, successively, as
(2 + 2=+ cos(1 — €))I — 2"+ s5in(1 — &) ] — msin(1 — e)e~1H™ = 0
{(2 + 2¢O co5(1 — €))] + 2e "M sin(1 — &)l + mcos(1 — £)e 1T — = 0.

Solving the above system for | and J we obtain the desired results.

Proof of Theorem 1. Using Bochner’s theorem, the positive definiteness of the function f,. can be
reduced to showing that the Fourier transform ¥, . (1 + ¢) is positive.[12]. Since f. is an even function, its
Fourier transform is given by

Zfr 1+e)= 2fCOSh.(l—_g)ncos(l + &) x,dx,

o cosh(l—¢)m

s Sin(1+ &) x,dx, Then (9) and (10) can be

sinh x,
T 0
The differentiation of the formula (5) in Lemma 1 with respect to 1 — & gives
cosh(1 — &) nmncos(l—e)x,.[cosh(1+&)m+cos(1—¢e)m] —sin(l—¢&)m
f —————cos(1+&)x,.dx, = ) =
sinh x, 2 (cosh(1+ &)+ cos(1 — &) m)?

r

_ m?[1 + cosil — e)mcoshifl + e)n
2(cosh(1 + €) + cosiifil — &)m)?

So,
1+cos {1 —e)mcos hifl+&)m
Zr fr (1 + g) (cosh(1+£)+cos il —e)m)?

Consequently, if 1 < e < EO' then Y, . (1 + &) = 0. Since ¢, iseven inl + ¢, the result follows for-% <e< ;
Corollary 1. .[12]For any a,b = 0, we have

1 3
Zng(a,a+s) << ZL,(aT,aT+e) if and only if'ZS e<—. 1
T

.[;

-
1 1

Corollary 2. .[12]Let Az, B2 be any positive matrices. Then for any matrix X and for

l<e< %,, we have

4
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1
|A'=€XB¢ + A°XB'~¢|| < 2 f A¢XB'~¢de (12)
0

for every unitarily norm |]|. |||
Proof of Corollary 1.[12] We proceed in two steps.
Step 1. By definition, };, H (a,a + €) << Y, L, (a,a + €) if

HI (A;, A
—€y = Z [L (,11,,1})

is positive semidefinite. Putd; = e , 4, = e" wzth X,X €ER Then

/ -

(1 - e)ij = | X x]-
Xi e( 2 _]
\ A S— Xi—%j ¢ /

Thus the matrix [(1 — €);;] is congruent to one with entries

() comn — ) (252)
sinh (%)

where e = 1 . Hence, the matrix [(1 — &), Jis positive semidefinite if and only if the function
Z (x) = Zxrcosh(l —&)x,
fr () = sinhx,
is positive definite.

Step 2. By Theorem 1, f,.(x) is positive definite if and only if% <e< % which is equivalent to the condition

= e(l &)

1 3
Z <e< Z
Remark 1. .[12]The inequality M, < N, could, in general, be strictly stronger than the usual inequality M, <
N,.. That means not every inequality between means of positive numbers leads to a corresponding inequality for

positive matrices as shown by the following simple example. For a,, > 0 we have

) 1—% 1+%
YrH 1_:(a,,a.+¢) < Y. L.(a,a. +¢) ifandonly 'fT Z€2—"= (13)
In fact, by taking a, = e*and (a, + &) = e’rand using Taylor series, it is easy to see that
YrH 1_:(a.,a. +¢) < Y.L, (a,a, + ¢)ifand only if

cosh ((1 —2¢) (xr;yr)) < sinh(C57) .

(xr—)’r)
2
Lete = ’“Z;yr ,and & = 1. Then after simplification
(1-e)%e? (1—g)*et g2 gt
L=+ —p Slhogtgt

This is true only if(1 — )% < % which leads to the desired result.

1 1
Proof of Corollary 2. First assume Az = B2Since the norms involved are unitarily invariant, we may suppose

1
that Az is diagonal with entriesi;, A, ..., A,. Then we have
1

ATEXA® + APXAT = Yo fASXAl_S de
0

_ Z 2H' (M, )
(Yr)ij = . Lr(}"i:}\j .

A well-known result on the Schur multiplier norm (see [12, Theorem 5.5.18 and Theorem 5.5.19]) says that if Y
is any positive semidefinite matrix, then for all matrix X,.[12]
[11YoX]|||] £ maxi{y;|||X|||, for every unitarily invariant norm. (14)

By Corollary 1,Y is a positive semidefinite matrix. Applying (14), .[12] we obtain
1

[||AI"EXAE + ASXALE||| < 2 f AXAL™® de (15)
0

where Y is the matrix with entries
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1
Now, we use the usual trick replacing Az and X in the inequality (15) by the 2 by 2 matrices

1
(AZ 0>and(0 X) . This gives us the desired inequality (12).

0 B 0 0
Remark 2. Given a,e > 0. A natural question arises as to whether the reverse inequality L(a,a +¢) <<

Hi_.(a,a+¢) isvalid.[12]
Fore =0,1 we have}, L, (a,,a, +¢) <<, H"i_.(a,a, + ¢) (which is exactly the second part of On the
other hand,

cannot be true for € € (0,1)due to the fact that} . f.(x) =X

cannot be positive definite.[12].

sinhx,

" ircosh(1-2) goes to infinity as x, —» =oo. So, f
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