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ABSTRACT : Exact segment trees usually split intervals at midpoints, a design that is simple and robust but
implicitly treats merge operations as nearly uniform. This assumption can be weak for exact summaries such as
sparse matrix products, compressed function composition, and frequency-map aggregation, where the cost of
combining two summaries depends on their contents. This paper studies Operator-Aware Layout Selection for
exact segment trees under nonuniform merge costs. The proposed Operator-Aware segment-tree approach
changes only the tree layout and split points; it does not approximate answers, alter the associative operator, or
relax left-to-right execution for noncommutative monoids. Candidate splits are selected from midpoint, quantile,
workload-boundary, heat-median, complexity-change, and random-probe sources, then scored using estimated
merge cost, routing cost, balance penalties, runtime calibration, and validation-based portfolio selection. A
primary full-builder evaluation covers n < 288, and a selected medium-scale full-builder check covers n = 512
for sparse matrix and function composition workloads. Larger n = 512 and n = 1024 experiments use a lower-
overhead fast-layout path, so they support mechanism and scale-direction evidence rather than production-
scale learned portfolio claims. Across the studied synthetic and trace-inspired workloads, operator-aware
layouts often reduce latency over balanced recursive trees for stable content-dependent merges. However,
iterative trees often win on cheap or cache-friendly cases, Fenwick remains the recommended sum baseline,
learned_portfolio can require large amortization, and workload shift can erase or reverse gains.
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I. INTRODUCTION

Segment trees decompose an array interval into stored subinterval summaries and combine them to answer
exact range queries. The classic balanced layout is attractive because it has predictable height, simple
construction, and good worst-case behavior. For cheap operators, these properties are often more important than
any learned split choice. For content-dependent operators, however, the midpoint split can expose expensive
summary pairs even when the query workload is highly nonuniform.

This paper studies exact segment-tree layout selection under workload and operator-cost signals. The
contribution is not a replacement for all segment-tree implementations. It is a layout-selection method for
associative range aggregation when merge costs are nonuniform, the workload is reasonably stable, and enough
queries are issued to amortize layout construction.

The paper gives an exactness proof sketch and reports controlled empirical evidence. It does not claim
broad real-world superiority, nor does it claim production-scale performance for the full learned portfolio
builder. The most important boundary is summarized in Table I.

Table I: Claim boundary.

Category Statement

Exactness for associative monoids, including noncommutative monoids when query

Proved . .
execution preserves left-to-right order.

Observed Latency reductions on selected synthetic and trace-inspired stable workloads with
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Category Statement

content-dependent merge costs.

Broad real-world superiority, production-scale learned_portfolio performance,

Not claimed . ) . .
superiority for cheap/uniform operators, or robustness under arbitrary workload shift.

Deployment Use OAST selectively; prefer Fenwick for sum, iterative for cheap/cache-friendly
implication operators, and balanced/iterative fallback under shift or small batches.

Literature Review and positioning

Classical range-query data structures include segment trees, Fenwick trees, sparse tables, and geometric
range-searching structures [1]-[6]. Fenwick trees are especially strong for prefix-invertible operations such as
sum [4], which is why this paper treats sum as a control rather than as the natural target for OAST. Optimal
binary search trees, optimal alphabetic trees, and related ordered tree construction algorithms optimize search
depth or code length under ordered access probabilities [7], [8], [24]-[26]. OAST is adjacent to this tradition but
optimizes exact interval-cover aggregation cost, not only comparison depth.

Learned indexes and learned data layouts use models to predict key positions, organize multidimensional
data, or improve block locality [9]-[11], [19]-[22], [32]. Recent work has strengthened this area with concurrent
and dynamic learned indexes, index-benefit prediction, comprehensive learned-index evaluation, learned space-
filling curves, and multidimensional learned-index surveys [33]-[38]. Adaptive indexing, query-optimizer
physical design, and access-method design similarly use workload signals to choose storage or access paths
[12]-[14], [27], [31]. Cache-aware and cache-oblivious structures show that layout alone can strongly affect
constants and locality [15]-[18], [28]-[30]. These lines motivate workload-aware physical choices, but they do
not directly solve the exact associative range-aggregation setting considered here.

Why OAST is not a learned index

OAST does not learn key rank, skip tuples, approximate answers, or change the array order. It preserves
exact associative aggregation and chooses binary split points for stored interval summaries. For
noncommutative monoids, query execution must combine covered intervals in left-to-right order. The
optimization target is therefore content-dependent merge exposure in an exact interval-cover tree, rather than
search-depth minimization, tuple placement, or block pruning.

II. MATERIALS AND METHODS

Algebraic setting

Let A[1..n] be an array over a monoid (S, combine, e), where combine is associative and e is the identity
element. For an interval [L,r], the exact summary is A[l] combine A[l+1] combine ... combine A[r]. A layout is a
binary tree whose leaves, in order, are the array elements and whose internal nodes store exact summaries of
contiguous intervals. A balance parameter alpha constrains each split so alpha < left_size / parent_size <
1 — alpha.

The objective is to minimize expected query time under a training workload distribution, while retaining
exactness. Practical scoring also includes balance penalties, routing estimates, runtime calibration, optional
robustness probes, and validation selection. The reported experiments use static arrays and batched query
workloads. Update time is secondary instrumentation only; the experiments do not optimize update-heavy
workloads.
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OAST construction and validation

Candidate split sources include the midpoint, quantiles, workload boundaries, heat-weighted medians,
complexity-change points, and seeded random probes. Each legal split is scored by predicted local merge cost,
future routing cost, a balance penalty, and optional memory, update, or robustness terms. The validation
portfolio builds several candidate layouts and selects using validation queries and shifted probes where
applicable. Test queries are never used for model fitting, validation, or layout selection.

Runtime prediction model

The learned component is a lightweight log-linear regression cost model, not a neural network and not a
learned index. It is trained by online stochastic gradient descent on 1600 sampled summary pairs for 24 epochs,
learning rate 0.035, batch size 1, and no regularization. Features are log-transformed: log1p(left summary size),
log1p(right summary size), log1p(size product), log1p(estimated operator cost), a bias term, and a left-larger
indicator. The model predicts merge/combine cost for split scoring only. Its prediction is blended with analytical
estimated cost, and it is nonessential to correctness because exact answers follow from exact stored summaries
and associative left-to-right combination.

Operator-aware exact segment-tree layout selection

The model predicts combine cost for split scoring only; exact query answers still come from stored summaries and left-to-right combination.

Training workload Candidate splits Cost scoring Runtime model Validation portfolio Exact query executioh
and exact summaries

query intervals, heat, midpoint, quantiles, estimated merge cost. log-linear SGD model select layout without disjoint cover +

summary sizes boundaries, probes routing, balance penalty predicts combine cost using test queries left-to-right combine

Correctness boundary: learned split choices change grouping only, not the associative operator or exact summaries.

Figure 1: OAST construction and exact-query execution workflow.

Correctness and complexity

Every node stores the exact summary of its interval. A range query decomposes [Lr] into disjoint stored
intervals and combines their exact summaries in array order. Associativity makes the grouping irrelevant, and
left-to-right execution preserves correctness for associative but noncommutative operators. Thus learned split
choices change only grouping and routing, not semantics.

For static construction, memory is O(n) nodes and build time is dominated by summary construction
plus split scoring and optional calibration. The balance constraint bounds height by O(log n /log(1/(1 —
alpha))) in the worst case. Query time depends on tree height, the number of covered intervals, and the actual
content-dependent merge cost. Full learned portfolio construction is substantially more expensive than balanced
or iterative construction, so amortization is a deployment constraint.

II1. RESULTS AND DISCUSSION
The empirical evidence is intentionally separated into tiers. Full OAST-family results support statements

about learned runtime and learned portfolio only at the scales where those builders were actually run. Fast-
layout results are useful for mechanism and scale-direction evidence, but they are not evidence of production-
scale learned_portfolio performance.
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Table II: Evidence tiers and supported claims.

Experiment

Scale and repeats

Builder family

Supported claim

Primary small-scale
evaluation

sizes 72, 96, 192, 288;
seeds 2; repeats 1 after
warm-up

portfolio yes; runtime
yes; fast path no

Supports claims about full
learned runtime and
learned_portfolio at small-scale
sizes only.

Medium-scale full-

sizes 512; seeds 3;
repeats 3 after warm-

portfolio yes; runtime

Checks selected n=512 full-
builder behavior; it is not a

up

builder check up yes; fast path no production-scale portfolio claim.
Strengthened five- sizes 192; seeds 5; portfolio no: runtime Suppmfts mechanlspl plausibility

repeats 5 after warm- and paired comparisons for a
seed key study no; fast path yes

lower-overhead approximation.

Larger-size fast-
layout study

sizes 512, 1024; seeds
3; repeats 3 after
warm-up

portfolio no; runtime
no; fast path yes

Supports scale-direction
evidence only; it does not prove
full learned portfolio production
performance.

Robustness and
workload-shift study

sizes 192; seeds 3;
repeats 3 after warm-

up

portfolio no; runtime
no; fast path yes

Supports failure-mode and
fallback-selection evidence
under distribution shift.

Oracle comparison

sizes 72; seeds 2;
repeats | after warm-

up

portfolio yes; runtime
yes; fast path no

Checks whether learned
heuristics move toward the
dynamic-program optimum at
small n.

Primary small-scale full-builder results

The primary full-builder evaluation uses n < 288 and two seed families. These runs include
learned runtime and learned portfolio, so they support only small-scale full-builder claims. Paired statistics
from this small sample are exploratory, not definitive population-level inference.

Table III: Selected primary full-builder results (average microseconds per query).

Scenario Balanced Iterative Best‘ OAST- Interpretation
family
. . ) . B/OAST 1.06; B/Iter
sum; uniform; uniform, 430 4-007 | 3.69+-023 | leamed: 405+ 0ot overall
n=192 0.08 .
fenwick.
sparse matrix; uniform; 258.09 +/- 260.14 +/- learned _runtime: ggOgAS; 3(')63;?]/ Tter
uniform; n=192 21.19 27.57 158.81 +/- 7.36 77 vera
learned_runtime.
sparse matrix; hot 1142.19 +/- 1061.69 +/- learned_runtime: }13/008A§:; tlc;ifi;ril/ Tter
expensive; hot; n=192 69.00 24.10 970.67 +/-37.73 T .
learned runtime.
ZI;?:; Z:I;atgrfs;isgacrrsgsts(i)n ) 671.07 +/- 571.47 +/- learned_portfolio: }13/107A§:; tlc;zi;ril/ Tter
enss, expenstv & 18736 90.91 54939 +/-1342 | 0 vera
n=192 learned_portfolio.

. ) . | BIOAST 1.16; B/Iter
function comp.; hot 87.50 +/-343 | 79.79 /- 338 | leamed_portfolio: [, 5\ verall
expensive; hot; n=192 75.53 +/-2.33 .

learned_portfolio.
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Scenario Balanced Iterative Best. OAST- Interpretation
family

B/OAST 1.11; B/Iter
1.14; best overall
iterative.

frequency map; hot learned runtime:
expensive; hot; n=192 5.68 +/-0.21 4.97+/-022 5.13 +/-0.24

The table shows the main pattern. Learned-family layouts improve over balanced recursive trees on
several content-dependent workloads, including sparse matrix product and hot function composition. The sum
control is different: Fenwick is the best overall structure, so OAST should not be recommended for ordinary
prefix-invertible sum queries. Iterative trees also win in several cheap or cache-friendly cases.

Medium-scale full-builder check

A selected n = 512 check was completed for two representative content-dependent workloads. This is the
strongest additional evidence for the full builders beyond n < 288, but it remains selected and small. It should be
read as a feasibility check, not a broad scale claim.

Table IV: Medium-scale full-builder check at n = 512.

Scenario Seeds | Baselines Best full builder | Build and amortization

build 1850.69 ms; break-
learned runtime: | even 152951 vs balanced
110.65 +/- 1.79 and 1249477 vs iterative;
Iter/OAST 1.01.

balanced 122.75
3 +/- 6.94; iterative
112.13 +/- 8.75

function_composition/hot
expensive/hot/n=512

balanced 1821.38 build 21426.16 ms; break-
sparse_matrix/hot_expensiv 3 +/- 86.63; learned runtime: | even 69815 vs balanced and
e/hot/n=512 iterative 1796.96 1514.48 +/- 64.63 | 75850 vs iterative;

+/- 96.69 Iter/OAST 1.19.

Both n = 512 checks selected learned runtime as the best full builder. Sparse matrix product improved
by about 1.20x over balanced and 1.19x over iterative, but required about 21.4 seconds of build time, giving
break-even counts around 69,815 queries versus balanced and 75,850 versus iterative. Function composition
improved over balanced but only slightly over iterative, with a much larger break-even versus iterative. Query-
latency improvement alone is therefore insufficient when build cost is counted.

Large-size fast-layout and workload-shift boundary

The larger n = 512 and n = 1024 runs use a lower-overhead fast-layout path. They suggest that operator-
aware layout choices can remain useful at larger sizes, but they do not validate full learned portfolio
performance at those sizes. Shift experiments use the same boundary: they show failure modes and possible
recovery, not a solved deployment policy.

Table V: Scale-direction and workload-shift summary.

Case Tier Selected layout Baselines Interpretation
frequency_map/blo_ck Jarge fast- oast_fast_portfolio: balanged 7..62 +/- B/best 1.16; her/t.)est
_structured/trace/n=10 lavout 6.55 +/- 032 0.22; iterative 6.75 1.03; scale-direction
24 you ’ ’ +/-0.16 evidence only.
function_composition/ laree fast- oast fast portfolio: balanced 140.42 +/- | B/best 1.10; Iter/best
hot expensive/hot/n= la g ; 12737 +/__p 10.99 " | 4.66; iterative 123.33 | 0.97; scale-direction
1024 you ’ ' +/- 4.60 evidence only.
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Case Tier Selected layout Baselines Interpretation

. +/- :
sparse_matrix/hot ex | large fast- oast fast: 2063.17 Zglil;?ei?eiii,ljl / ?/(?g-szgéllel-’(igzggzzt
pensive/hot/n=1024 layout +/-27.36 i~ L

2242.92 +/-36.73

evidence only.

sparse_matrix hot-
>hot far

severe shift

operator_greedy fa
st: 66.39

balanced 68.26;
iterative 35.50

winner iterative;
portfolio recovered
no.

winner iterative;

sparse_matrix hot- moderate oast fast portfolio: | balanced 395.04; ortfolio recovered
>uniform shift 338.70 iterative 271.32 I;es

winner
sparse_matrix moderate oast_fast portfolio: | balanced 1204.20; oast_fast_portfolio;
uniform->hot shift 1099.30 iterative 1112.32 portfolio recovered

yes.

function_composition
short->long

severe shift

oast_no_future:
45.89

balanced 47.25;
iterative 36.77

winner iterative;
portfolio recovered
no.

Workload shift is central. OAST can fail when training and test query distributions diverge, and a
balanced or iterative fallback may be the right choice. The artifact also includes a simple fallback/relayout
policy study, but it should be treated as a preliminary mitigation rather than as proven robustness under arbitrary

shifts.

Practical deployment guidance

Table VI: When to use OAST.

Case

Recommended
structure/layout

Reason

Evidence source

Sum / invertible
prefix operation

Fenwick or domain-
specific prefix
structure

Prefix structures dominate cheap
invertible aggregation and remain the
recommended sum baseline.

sum control and
Fenwick baseline

Cheap or cache-
friendly operator

iterative segment tree

Lower constants and compact array
layout usually dominate learned split
choices.

primary small-
scale evaluation

Stable workload +
expensive content-
dependent merge +
enough queries to
amortize build

learned_runtime or
operator-aware layout

Use when validation shows query
savings and build cost is acceptable.

primary small-
scale and medium-
scale full-builder
checks

Large stable batch
where validation
cost is acceptable

learned_portfolio

Use only when construction/validation
cost can be amortized and test queries
remain held out.

amortization tables

Small batch or
frequent updates

balanced or iterative

Avoid build cost and stale layouts;
update-heavy workloads are not
optimized here.

static-focused
update scope

Workload shift
likely

balanced/iterative
fallback or robust
validation/relayout

Shift can erase or reverse learned-
layout gains.

robustness and
workload-shift
study
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Recommended q
Case Reason Evidence source
structure/layout
. AST is vali 1 . S
Noncommutative O. STis va l.d onty Exactness relies on associativity plus .
S with left-to-right query . . correctness section
associative operator execution order preservation, not commutativity.

The most defensible use case is a static or rarely updated array, stable query distribution, expensive
content-dependent combine operation, and enough queries to amortize learned construction. The safest non-use
cases are cheap uniform operators, small query batches, frequent updates, or settings where a specialized
structure such as Fenwick is available.

Brute-force correctness checks passed for all reported configurations in the generated correctness CSVs.
The checker reports 24 correctness files and zero failures, including the primary result CSV, medium-scale full-
builder CSV, fast-layout CSVs, alpha/ablation runs, and workload-shift runs.

Limitations and threats to validity

The main threat is empirical scale. The full OAST-family study is still centered on small sizes, with a
selected n = 512 full-builder check. Larger results use a fast-layout path and should not be treated as production-
scale evidence for learned portfolio. Most workloads are synthetic or trace-inspired rather than public
production traces. Timing and paired statistical tests are exploratory where seed counts are small. Python
implementation constants may favor or penalize baselines. Finally, robustness under arbitrary workload shift is
not established.

IV. CONCLUSION
OAST shows that exact segment-tree layouts can be chosen using workload and operator-cost signals

without changing associative semantics. The proof obligation is clean: exactness follows from exact node
summaries, disjoint interval covers, associativity, and left-to-right order for noncommutative monoids. Across
the studied synthetic and trace-inspired workloads, operator-aware layouts often reduced latency for expensive,
content-dependent operators.

The conclusion is deliberately narrow. OAST is promising under stable workloads with expensive
nonuniform merges, but it is not a general replacement for balanced or iterative segment trees. Fenwick remains
the recommended baseline for sum, iterative trees often win when constants and cache behavior dominate,
learned portfolio can require large amortization, and workload shift can erase or reverse gains. Larger-scale,
lower-overhead, and more realistic experiments are needed before claiming broad practical superiority.
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