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ABSTRACT

Rayleigh waves are acoustic type of waves that are produced naturally through seismic events or artificially in
labs. They are used in engineering to determine the shear wave velocity which helps predict soil and rock
properties to sustain large structures.

Consider a harmonic wave travelling along the x-axis with both longitudinal and shear components. If the x;,
x5 represents the ground while x, represents the depth into the earth. The displacements u,, u,, and u; are
modeled as a wave propagating with a constant speed and with an amplitude that decreases exponentially from
the ground surface. The ground surface is free and so the stress vector on the ground surface is 0.

KEY WORDS: Rayleigh waves equations, shear wave velocity, poison ratio.

l. INTRODUCTION

The idea of using Rayleigh wave to determine the shear wave velocity in soils and the rock layers is to
reduce the cost and get the work done quickly. This technique is cost-effective and very reliable. However, this
method works very well when the ground is under natural condition.

In 1885, Lord Rayleigh investigated earthquakes and modeled the study as a linearized problem of
elasticity. In this paper, we will solve the Rayleigh wave equation in function of the Poisson ratio of the
medium and study the properties of the roots in order to understand their behavior near the critical Poisson ratio.
Section 2 is about the mathematics behind the Rayleigh waves equation.

1. RAYLEIGH WAVES
We recall the main ingredients used in geo-technical: stress and strain tensors, Lame parameters, Young
modulus and Poisson ratio. Denote by R3the Euclidean 3-dimensional space. A point in R3will be denoted by
x = (x1, X2, x3).

STRESS AND STRAIN

Hooke’s law for a spring: Force=(Stiffness)(Elongation) extends to most material and can be formulated as
STRESS=E(STRAIN), where E is the Young modulus of elasticity. Stress measures average force per unit area
(with units Pa), strain is a geometric measure of deformation, and the Young modulus characterizes the stiffhess
of the material.

Stress tensor
Stress is defined as the tension or pressure exerted on a material object.
Stress tensor is the stress (force per unit area) at a point in D. The stress tensor can be written as

g = (O'ij)
The first index i specifies the direction in which the stress component acts, and the second index j identifies the
orientation of the surface upon which it is acting. a;; is the component in the j-th direction to a surface unit
normal in the i-direction.

Figure 1: Stress tensor
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Strain tensor
Strain is defined as the change in shape or size of a body due to deforming force applied on it. Strain tensor
measures how much a given deformation differ from a rigid motion. It is a dimensionless quantity. If y = F(x)
is a deformation. This can also be expressed as
€ = (&)
The Cartesian components of the strain tensor are given by
1 (ou; ouj\ ._ i
& = > (a + 6_351)’ i=1,2,3, j—1,2,3
u here represents the symmetric matrix.
Stress and strain are derived from the Hooke’s law. Using this law, we will have:
o = 2ue + AT, (&)l Q)
Where T, is the trace of € and I is the identity. This equation can also be expressed as:

3
0y =2ug; + A <Z ekk> 8.
k=1
A and p are known as lame parameters .These properties of the soil ( 1 and ) are measure directly from the
uniaxial test.
(4, 1) Can be expressed in terms of the young modulus E and Poisson ratio v.
Young’s modulus (E) relates stress and strain.
Itis the measure of the stiffness of an elastic material. It is defined as the ratio of stress to strain. This can be

written as E= =

€

E here is the constant of proportionality between stress and strain. This is one of the mechanical Properties
of the soil.

Poisson ratio (v): Describes expansion or contraction of material in direction perpendicular to loading. It is also
one of the properties of the soil.

transverse expansion

axial compression
v is dimensionless and usually; 0 < v < 0.5. The Relation between (4, ) and (E,v).
For a string-like object laid out along the x-direction of the coordinate system, Hooke’s law for isotropic and
homogenous materials leads to proportionality between the tensions in x-direction,

- O =D . @
And the strains it provokes in directions parallel and orthogonal to it.

Uxx == Uxx = Uzz =-V

p
< 3)
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In an isotropic material, there are no internal directions defined which can be used to construct such a relation
and this means that only tensors at our disposal are strain tensor, g;;, itself and the kronecker delta, &;;,
multiplied with the trace Y, Uy, which is the only scalar quantity that can be formed from a linear combination
of strain tensor components.

The most general linear tensor relation between stress and train in an isotropic material therefore becomes,

o-ij = ZHUU + /161] Z Ukk
k

Explicitly, we find for the diagonal elements of the stress tensor;
Or = @u+ DUy + AUy, +U,,)
oy = Qu+ DUy, + AU, + Uy,)
0 = Qu+ DUy, + AUy, + U,y )(4)
And for the off-diagonal elements,
Oy = Oy = 2pU,,
Oy, = 0y, = 2uU,,
Ozx = Oxz = Z“sz

Since Hooke’s law and Cauchy’s strain are both linear relationships, successive deformations may simply be
added together.

The relationship between Young’s modulus, Poisson’s ratio and lame’ coefficients are obtained from
Eq.1,Eq.2 andEq.3

_ P_wP
p—(2u+/1)E 2/1Ve

0= —(2u+/1)V2+/1(—V + 1)2

Solving for € and V, we obtain,
E_MGA+ZM
T A+
and
V= A
T 2004w
Conversely, we may express the lame’ coefficients in terms of young’s modulus and Poisson’s ratio.
EV
A=
a-2vya+v)
and
S

ey

Equations of Mation
Let u(x, t) be the displacement of x at time t.

u = (ug, uy, u3)T

Using Newton’s second law of motion, we will have:
a%u;
poz—Vo =0, Q)

Or

3
) 2%y N\ 99 _
6t2 — axk ’
where j =1,2,3. p here is the density of the body.The strain tensor isobtained from Hooke’s law; It

follows from

o =2ue+AT.(e)I . (6)
I here represent the identity matrix. We can replace € in equation (6). By substitution, we will have:

— 2 : ouy, 5+ aui+6uj
% = k_laxk y TR dx;  0x;

6xj 6xi

Or

By taking the second partial derivative of equation (7), we will have:
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2 9 _, 6(V u)alj 0%, iy 0%y
26__ Z Z 6x2 0x;0x;

j=1

or
Z} 100'11 _ AO(Vu) ”(Vzui a(VU))(8)

By usmg Newton s second law of motion, that is,

aa;l - Z} 16% =0,
We will have;
0%, o(V-u) 5
P e —(A+p) ax, —uViu; =0
Clearly;
—A+wWVV-u)—uViu=0 9)

arz
The above equation is Naiver equation for an elastic body.

Helmholtz decomposition

This theorem states that, “any sufficiently smooth, rapidly decaying vector field in three dimensions
can be resolved into the sum of an irrotational (curl -free) vector field and a solenoidal (divergence -free) vector
field”.
We can use the Helmholtz decomposition to split the vector field u into a sum of an irrotational (curl-free)
vector field u; and a solenoidal (divergence -free) vector fieldug.

u=u; +ug (10)

Infinitesimal Brief Proof based on distributions
Let 5(x — y) be the Dirac-Delta function at in x € R3. We have,

S(x—y) = -1 z(lxiyl)
and

Vx) =(F(),6(x—y )

-1
= —V*(F(y),

4n )

lx =yl

Now use the identity: for any vector field w(x), we have,
V2w =V(V-w) =V x (VXw)
So that,
V(x) = A(x) + B(x)
With,

46 = 9 (V- FO) =)

1
| yl>>

A is curl-free since the curl of a solenoidal is always 0. B is divergence-free since the divergence of a curl is
always 0.

-1
B() = VX (v x (F(),

with
V x up = 0

is the (curl-free condition).

u,, is the longitudinal motion which gives the primary wave and ug is the shear motion which gives the shear
wave.

It follows from (9) ,(11) and u;,us = 0 at infinity that gives these equations:

VXuLZO
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2

UL 2., _
— (A +2W)Vu, =0

P ¢z
0%ug 5
Po ~ uviug =0
Let
A+ 2
CL = #
p
and
u
Co = |—
S j;
So that,
0%u,
atz - CszzuL = 0
and
8%ug 2
atz SV uS = 0 (12)

C, and Cs are the waves speed. u here representsthe shear modulus of the soil that can be obtained from the

direct shear test.
u
Co = |—
S j;

Since C, = /ﬂ
P
We can make the substitution in C; and Cs. Making this substitution, we will have:

and
J E(1-v) , E
C, = , = |—————
p(1+v)(1—-2v) 2p(1+v)

The ratio of two speed is denoted by k; k = C—L. The ratio of the two speed (k) can also be expressed as:

/1+2u 2(1—-v)
0<v<05
1+ 2v

v here represents the poison’s ratio. It is a s011 parameter. It is worth mentioning that,
k>1,.

this means that the longitudinal speed is greater than the shear speed

HARMONIC WAVES

A harmonic wave is a wave with a frequency that is a positive integer multiple of the frequency of the

original wave, known as the fundamental frequency.

Suppose that the longitudinal wave wu,is harmonic wave propagating in the x;, x, plane in the direction of

vector
COS X
n= <sin oc)
0
Set
X1
.7_C> = (xZ)
; 0
We will have;
’U,L(x, t) =y, n eikL(TY'f—CLt) =m ﬁei(kLW'f—Wt)
where
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my: is the complex amplitude
k;:is the wave number,

w = k,; C,is the frequency
C,:is the wave speed

k.= k, : is the wave vector

The shear harmonic wave ug(x, t) has two components. They are;
@ Horizontal component, that is the component along the vector

-

and (b)Vertical component, which is the component along the vector

— sin «
Zxn=| cosx
) 0
So, the shear harmonic wave

us(x,t) = My 72 x 7t elks(Px=Cst) L pp, 7 eiks(ix=Cst)(13)
where My, and Myare the complex wave amplitudes Csis the wave speed;

w
c = where w here represent the frequency .
s s

We can verify that ug(x, t) is divergence free.
Here, the divergence is only with respect to the space variables in the X vector.

us(x,t)=7 x 7t etks(@Wi=Csthypp, 7 iks(M-Cst)
5

X= (Xl, Xo,. Xn),T_i: (nl, nz...l’lN)

ok ) oo (72— . ko (7 i
S5 = My (Z X 7). ikg.n;.eks@F=Cst)yp, 7 | ikgm;.eths (= Cst)

axi
Divergence (ug)

au o — . i 7 R—
=YL= N [ My (7 X ). iksn]. etk (T = Cst)
papire

=[i.ks.My[Z X 7).71+My. i.ks (Z.7)].e'ks(@ 7= Cst)
(Zxn).n=0Z.n1=0
=0.
This can be seen that the divergence is 0. This means that wus(x, t) is divergence free.
Consider u as a vector

5%
ux, t) =u,(x, t) +ug(x, t) = <u2>
Uus
These vectors have components

u (x, ) = uy cos ocehs@E=CLt) _ gy sin oc glks (W% = Cst)
uy (x,t) = uy sin e LTF=CL 4, cos oc @iks TF=Cst)
us(x, t) = uy 7 eks@x=Cst)

It is worth mentioning that u; is decoupled and consists only of the shear horizontal wave.

RAYLEIGH WAVES
The ground is at x, = 0, and x, < 0.
The wave propagates on the earth when x, < 0.
u(xy, x2,t) = uy (x1, %, t) + us (x4, x5, t)
= (L(xy) + S(xy))eikx1—wt)
Where; L(x;) and S(x;)are vector-valued functions. Since u; and u satisfy the wave equations;
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and

0%u
o = C%sVug = 0

It follows from (9). Then L(x,) and S(x,) satisfy the equations

W2
L'+ ——k2>L =0
<C2L

and

The amplitude deceases, therefore,

and
w? )
——k“ ) <0,
(Czs )
set
2
w . )
C—ZL - k —_ _kL
and
W2 2 2
7 k=K

k; > 0, kg>0. Making the substitution we will have:
L'—k?,L=0andS" —k?,S = 0(14)

solving this second order differential equations with constant coefficients, we will have:

L(x;) = Me*L*2 4 Ne~kLx2

S(x,) = Peks*2 4 Qe ksx2
Since u » 0 and x;, » —oo then,N = Q = 0.
L(xy) = Me*t*2,S(x,) = Pe*s*2 with N, P € R® are constants.
It follows that;

u(xy, Xy, t) = (MekL¥2 4 peks*2)eilxi-wt)(15)

Note that since e*.*2 and e*s*2 approaches 0 as x, approaches — o, then the wave will be only felt on the
surface x,near boundaryx, = 0.
The longitudinal component Mek.¥2e!®x1=wt) myst be curl-free and Peks*2e!(x1=wt) myst be divergence-free.
So,

Vx (Mekazei(kxl—wt)) =0

and
V- (Peksxzei(kxl—wt)) =0
If
M,
M= <M)
M3
and

Py
P = <P2>
P

Then; the curl — free condition implies; M;k; = 0, M3ik = 0,ikM, —k;M; =0
So,
ky
M3 = O,and MZ = -_Ml
ik
The divergence — free condition gives; ikP; + ksP, = 0, we can solve for P,

ik
P, = —k—P1 sinceu =0 fort - oo, then P; =0
S




We have then;

M]_ Pl

kL kpx ik kgx i(kx1—wt)

uxy,x,6) = || =M, |e"2 +| ——P, |es¥2]e'™1

ik kg

0 0
Seta = M; and b = P;. This gives:
1 1
u(xy, x5, t) = ﬁ aeki¥2 + _k beks¥2 | giltkx1—wt)

ik S
0 0

Impose free boundary condition as x, = 0. This means that there is no stress.

aul 6u2
() | X220 — 0= E + —axl X220 — 0

du au Ju
1

The first condition implies that;

(ZkLks)a = (kzs + kZ)b = 0(16)
The second condition gives;

2
(A +2) (ika +ikb + kiTLa - ikb) — 2u(ika + ikb) = 0(17)

k = ’/1+2u.
u
Making the substitution, we will have:

K2(k?, + k®)a+ 2k*(a+b) =0

Let

The system becomes:
(szks)a + (kzs + kZ)b = 0
k2(k?, — k®»)a+ 2k*(a+b) =0

Since,
ZV_;_k2=_k2L; ;V_zzs_k2=_k25' k=%
Then,
w?= o (k2 ~ k%), wh = CP(k? k%), k2 = ,'j:—,’:;
Clearly,

(2k kg)a + (k% + k¥)b =0

k? — k?
gz (K~ ka+ 2k2a] +2k*h =0
- L

Multiply the above expression in the bracket by (k? — k?,). We now have:

Qkykg)a + (K2, + k)b =0
(R +k?>)a+2k*h=0

In order for the systems to have a nontrivial solution, the determinant “Det = 0”
(4k%k, k) — (K2 + k2)2 =0

Now, we can replace,
2 w? 2 :
k" =k*— — and k* = k* —
L c?, s cz,

This gives,
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w2

2.2
4k2Jk2—— k-2 (2k2 - 2) =0 (18)
S

c?
Squaring both side of the equation, we will have:

af 2 w? 2 w? 2 w2\*
16k (k2 — =) (k2 — =) = (2k? —=_) =0
(= &) ~25) - (25

To simplify this expression further, let

C2g

2

8
16k (1 - W

)(1 -XH -k -Xx>*=0

Since
¢, w? cts  w? X2

T e’ CZkZ T C2.’C2gk? k2’
our new equation becomes:

XZ 2 2\4
16<1—F)(1—X)—(2—X) =0

The binomial expansion of the term
(2—-X»)*is X® — 8X% + 24X* — 32X? + 16.
For the term

(1-T)a-x,

we will have:
2 4
1-X2— S+
Now, our new equation becomes:
XZ 4
16<1—X2 - ﬁ-"ﬁ)_ (X% —8X6 +24X*—32X2+16) =0

By reducing the above equation, we will have:
X8 —-8x%+8(3 2 X*+16(1 ! X*=0
B * k2 * k2

X6 — 8x* +8(3 —kz—z)x2 + 16(1 —kiz) =0. (19)
This is the Rayleigh wave equation. It is a 3" degree equation in X2.
Since for a given material,
20-v) (
“J1-2v G
depends on the properties of the materials. The roots of (18) implies the possible values of
w

k

T csk

However, not all such roots are admissible. Since

w? 2 _ 2 WZ_ 2
= k= =K%, <0, 5= —K% <0,

this implies that,
—K2, =X%-C%k?/C? — k> <0->X?/k>-1<0

—K?s=X2k?-k?< 0,

this implies:
X?—-1<0
That is,
X <1, X <k)
Since
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C,>C , k>1

We need to prove that the cubic equation has a single solution in the interval (0, 1) for any ratio k.

3 2 2 1 —
Y® —-8Y +8(3—ﬁ)Y+16<1—ﬁ) =0
Has only one solution in their interval (0,1). We reached the following equation;

3 2 2 1 —
Y3 -8y +8(3—ﬁ)Y—16(1—ﬁ) =0
We note that k = i—i is always > 1 since the longitudinal speed wave in > shear speed wave.
We need to show that the Rayleigh waves equation derived above has a unique solution Y € (0, 1) for
every k>1
Let the function f(y) equals the polynomial equation, that is,

1 16 16
f(0)=—16(1—ﬁ)<0; f)=1-8+24=15-16+35=1>0

So, f(Y) = 0 has at least one solution in (0, 1). We need to show that there are no others.

, 2
Fr)=3Y3 —16Y+8(3—ﬁ);
The roots of f'(Y) = 0 are;

+_8¢\/64—24(3—kz—2)_8 2—2—8
= 3 ~3%t7 3
. 8 8(z-1)
Y——§i 3

|fkiz—1<0, ie.k?>6, k>6

then, ' (Y) has no real roots, f (Y) > 0 for every y. f is increasing.Equation
f(Y) = 0 has only one solution.

Note that,
8(5-1
Yt=-+ (iz ) >1,
for every k,
k<6
Consider two cases depending on whether Y~ < 1 or not. Where
6
-8 Y
K 3
Case 1:

Y~ = 1. This occurs if,

48
§<k<x/€;1.21<k<2.45

Since f'(Y) > 0 for Y < Y, then f is increasing at the interval (0, 1) < (0, Y~) and so f(Y) = 0 has only root
in (0, 1).

Case 2: (Note that if k > 1,then Y~ > 0)
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Suppose 0 < Y~ < 1, the function f has a local maximum at Y~ and a local minimumat YT with0 <Y~ <1 <
Y+

Since f(1) = 1,then f(Y™) > f(1) = 1, then fis increasing (0, Y ™) and decreasingon (Y~, 1)
f(y) = 0 has a single solution on (0, Y~) andno solution on (Y7, 1)
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