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ABSTRACT: In this paper, we study electromechanical transducer, called “initial generalized electrical
machine”. To describe the dynamics of electromagnetic processes, we use differential equations with periodic
coefficients. In order to simplify those equations, we use Lyapunov transform to remove periodic coefficients. It
is shown that the final equations of initial machine correspond to a two-phased machine with properties
common for electrical machines with various applications.
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l. INTRODUCTION

The modelling of complex dynamic systems is one of the most important areas of research in the field
of engineering. It is often desirable for analysis, simulation and system design point of view to represent such
models by equivalent lower order state variable of transfer function models which reflect dominant
characteristics of the system under consideration. A large number of methods are available in the literature for
order reduction of linear continuous systems in time domain as well as in frequency domain [1-10].

The attempts to unify the piecemeal treatment of rotating electrical machines has led to generalised
theory of electrical machines or two-axis theory of electrical machines. Park developed two-axis equations of
the synchronous machines by making use of appropriate transformations [1][2]. Park’s ideas were then
developed by Kron to deal with all rotating electrical machines in a systematic manner by tensor analysis [3].
However, Gibbs et al.simplified the work of Kron by applying matrices to the electrical machines analysis.
This unified treatment of rotating electrical machines, developed by Kron is now called generalised theory of
electrical machines [4]. This theory can be appreciated from the fact that a three-phase machine requires three
voltage equations whereas its generalised model requires only two-voltage equations which can be solved more
easily as compared to three voltage equations. Further, the circuit equations for a three-phase machine are more
complicated because of the magnetic coupling amongst the three-phase windings, but this is not the case in the
generalised model, in which m.m.f. acting along one axis has no mutual coupling with the m.m.f. acting along
the other axis. The general equations, applicable to almost all types of rotating machines, can deal
comprehensively with their steady state, dynamic and transient analysis.

II. CONSTRUCTION DESCRIPTION OF INITIAL GENERALIZED ELECTRICAL
MACHINEJ1][3][6]
We consider electrical machine whose magnetic system is non symmetric, that is having clearly expressed
poles. The magnetic system is characterised by the diagonal matrix of magnetic conductivities:
Adq = diag(ld,lq)
We assume that clearly expressed poles are situated in the rotor. In rotor, poles are enrolled with distributed
winding F called excitation winding and non-salient n-phase winding R.
In notchings of cylindrical stator we have m-phase symmetric non-salient winding S.
An example of such a machine with the three-phase non-salient windings at stator and salient winding at rotor is
shown in figurel.
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Figure 1 : Electrical Machine with three-phase non-salient windings in stator and rotor and with salient winding
in rotor

1. DESCRIPTION OF WINDINGS PARAMETERS OF INITIAL GENERALIZED
ELECTRICAL MACHINE [2-7]
Stator non-salient winding S is characterized by diagonal matrices of active resistances
R = R, - 1and inductances of Ly = Lg -1
The number of turns of stator windings is defined by diagonal matrix W, = W, - 1
Space orientation of magnetic axes of m-phase symmetric non-salient winding of stator is characterized by
phase matrix.

1 cos(ps) cos(2p;)-+-cos((m — 1)p;)

0 sin(p,) sin(2py) -+ sinif{m — 1)p;)

Stator phase windings are uniformly distributed along angle 2.

Magnetic axes of stator phase windings are each other deviated with same angle p, = 2;“
Rotor non-salient winding R is characterized by diagonal matrix of resistances Rp = Ry - 1and inductances
LR = LR " 1

The number of turns of rotor phase windings is defined by matrix Wy = Wy - 1.

Space orientation of magnetic axes of n-phase symmetric non-salient of rotor winding is characterized by phase
matrix :

D =

_ [cos(al) cos(ay +pg) -cos(ay + (n—1)pg)
R ™ |Isin(a;) sin(a; + pg) --sin(ay + (n — 1)pg)

ler@-n)-m] Magnetic axis deviation angle of first phase of winding relatively to magnetic

Where o4 = >

symmetry d;
Salient excitation rotor winding F has Wy turns. It is characterized by resistance Ry and inductance Lg. The
direction of winding magnetic axis corresponds with the direction of magnetic symmetry d: D = [1, 0];
The main inductances of stator and rotor windings in the matrix form are:
Les(r) Lsg(y) Ler(y)
Lzz(v) = |Lrs(¥) Lrr(¥) Lrr(y)
Les(v) Ler(y)  Ler(y)
WhereLgs (y) = Ws .D§. V(). Agq. V(y)T. Ds . Ws;
Lpr(y) = WR-Dg-Adq-DR - Whe;
Lep(y) = WF.DZ.Adq.DF Wg;
Lsp(y) = Lig = Ws.D{.V(¥). Agq. Dp. Wy;
Lrr(y) = LER = WR-Dg-Adq-DF-WFi
Lsp(y) = Lis = Ws.D{.V(y). Agq- Dp. Wr.

V. MATRIX EQUATIONS IN REAL COORDINATE SYSTEM [8]-[9]
To stator and rotor windings of generalised electrical machine, we apply voltages, characterized by
vectorsUs, Uy, up. Under actions of voltages in stator and rotor windings circulate currents Is, I, if.
According to the 2" Kirchhoff’s law,

Us = Relsg + Ls .p Is +p{Lss(¥).Is + Lsg (¥)Ig + Lsp(¥). ir}
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Us = Rplg + Lg .p Ig + p{Lrs (V). Is + Lrg (¥) I + Lgp (¥)-ir}
up = Rplp + Lp.pls + p{lps(¥).Is + Leg (¥)Ig + Lpp (v)- ip}
Where p- operator of differentiation
According to (1), in many cases it is convenient to represent in matrix form:

Uz = Rzl + Ly.p Iy + p{lyz (V). 13(2)
Whel’eRZ = dlag (Rs, RR' RF)’ LZ = dlag (Ls, LR' LF),

Il = [Islzip] ; Ul = [UsUgug]

Equations (1) and (2) are called equations in real coordinate system and they include periodic coefficients.

V. LYAPUNOV TRANSFORM OF ELECTRICAL MACHINE EQUATIONS[4][10][11][12]
Lyapunovtransformations change the state variables and external actions thus rotation matrix becomes unit.
More, initial machine windings are represented with the same number of turns, and multiphase windings are
transformed to equivalent two-phase windings.

As initial equations, we consider (1). We introduce new state variables and control signals for windings S, R, F.

11 = IM(;_I'V()/)T'DS'IS X w Ul = KS_I.V(Y)T.Ds. US X
12 =WR/WS.KS_1.DR.IR; Uz =WR/WS.KR_1.DR.UR )
If = F/WS'KS_I'DF'I:F X Uf = S/WF.DF.uF X

Where Ks = Dg.D§ =™/,.1;

Kp = Dg.Df ="/, .diag(1 — Kp, 1+ Kp) ;

K, —distribution coefficient of rotor winding R.

After replacement, we have:

U =Ry +Li.pli + w.Li.E.I, + Lo.ply + w.E. L. 1y ;

Uy, = Ryly + Ly.ply + Lo.ply ;

Ur = Relp + Ly.ply + Lo.ply ; (3)
with Iy = I; + I, + Ir, magnetisation current.

E = V(™/,), rotation matrix with angle /..

Matrices of main and mutual inductances of equivalent machine windings are considered equal:
Lo = W Ds. DI Agy= diag(Laq,Lyq)
Where:Lyq = (/). Wi. Ag; Lyg = (M/)-Wé. 2,
Thus, active resistances and dispersion inductances of phases of non-salient stator winding of equivalent
machine are equal and correspond to those of initial generalised machine.
Ry =Rg; Ly =L

. -1 Wk
R, = diag(Ryq,Ryq) = Ks. Ki*.( S/WR)Z-RR ;

. -1 W, .
L, = diag(Lya, Lyy) = Ks. K. ( S/WR)Z'LR ;
Where:K;. Kgt =™/, . diag(1 — Kg, 1+ Kg) L.
From the expressions, we have:
Laa _ Lag _ Le
Rya Ry Ri
Ry _Log _1-Ke _,
Finally, equations (2) correspond to two-phase non-salient rotor winding.

W,
We have Ry =™/5 . ( S/WR)Z.RF ;

W,
Ly ="/ 5y ) L
The vectorsly, I, Ir, V4, V5, V; are characterised by two coordinates :
= [ia tag] s B = [izar izg ] IF = [if, 0] ;
IJ]?w = [uld,ulq] X UZT = [uZd,qu] ) UfT = [uf,O]
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In the developed form, (3) can be written as follows :
Uig = Rl ild + L]_. pild + de . piod - (,()qu .1

oq

Uiy = Rilyq + L1.piyg + Lgg-Diog + WLyq-loq ;

Uzq = Rpqlzq + Loa-Pizg + Lag-Plog ; (4)
Uzq = Ryqlzg + Log-Dizg + Lgg-Piog 5

Ur = Rl + L. pip + Lyq-Diog ;

Whereiiog = iq + lqg + i 5 log = l1g + izq-

Equations (3) do not include periodic coefficients. Therefore, transformed equations from (1) are

Lyapunovtransformations. If we assume that angle rotation speed w varies slower than speed of electromagnetic
processes, then we can consider that equations (3) are linear.

VI. CONCLUSION

Electrical machine with salient rotor, that has in rotor salient and non-salient n-phase windings, and also m-
phase non-salient winding in stator, possesses properties of many electrical machinesused in various
applications.
The dynamics of electromagnetic processes occurring in electrical machine characterise linear differential
equations with periodic coefficients.
Transformed equations correspond to generalised electrical machine where:
- Stator and rotor windings have the same number of turns ;
- Non-salient m-phase stator winding is changed into two-phase winding ;
- Non-salient n-phase rotor winding is changed into two concentrated windings with direction of magnetic

axes along axes of magnetic symmetry d and g.
Lyapunov transformations obtained for electrical machine by Park permit to have equations whose coefficients
are constant values.
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