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ABSTRACT: In this paper, we study electromechanical transducer, called “initial generalized electrical 

machine”. To describe the dynamics of electromagnetic processes, we use differential equations with periodic 

coefficients. In order to simplify those equations, we use Lyapunov transform to remove periodic coefficients. It 

is shown that the final equations of initial machine correspond to a two-phased machine with properties 

common for electrical machines with various applications. 
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I. INTRODUCTION 

The modelling of complex dynamic systems is one of the most important areas of research in the field 

of engineering. It is often desirable for analysis, simulation and system design point of view to represent such 

models by equivalent lower order state variable of transfer function models which reflect dominant 

characteristics of the system under consideration. A large number of methods are available in the literature for 

order reduction of linear continuous systems in time domain as well as in frequency domain [1-10]. 

The attempts to unify the piecemeal treatment of rotating electrical machines has led to generalised 

theory of electrical machines or two-axis theory of electrical machines. Park developed two-axis equations of 

the synchronous machines by making use of appropriate transformations [1][2]. Park’s ideas were then 

developed by Kron to deal with all rotating electrical machines in a systematic manner by tensor analysis [3]. 

However, Gibbs et al.simplified the work of Kron by applying matrices to the electrical machines analysis.  

This unified treatment of rotating electrical machines, developed by Kron is now called generalised theory of 

electrical machines [4]. This theory can be appreciated from the fact that a three-phase machine requires three 

voltage equations whereas its generalised model requires only two-voltage equations which can be solved more 

easily as compared to three voltage equations. Further, the circuit equations for a three-phase machine are more 

complicated because of the magnetic coupling amongst the three-phase windings, but this is not the case in the 

generalised model, in which m.m.f. acting along one axis has no mutual coupling with the m.m.f. acting along 

the other axis. The general equations, applicable to almost all types of rotating machines, can deal 

comprehensively with their steady state, dynamic and transient analysis.  

 

II. CONSTRUCTION DESCRIPTION OF INITIAL GENERALIZED ELECTRICAL 

MACHINE[1][3][6] 
We consider electrical machine whose magnetic system is non symmetric, that is having clearly expressed 

poles. The magnetic system is characterised by the diagonal matrix of magnetic conductivities: 

∆𝑑𝑞 = 𝑑𝑖𝑎𝑔(𝜆𝑑 , 𝜆𝑞) 

We assume that clearly expressed poles are situated in the rotor. In rotor, poles are enrolled with distributed 

winding F called excitation winding and non-salient n-phase winding R.    

In notchings of cylindrical stator we have m-phase symmetric non-salient winding S. 

An example of such a machine with the three-phase non-salient windings at stator and salient winding at rotor is 

shown in figure1. 
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Figure 1 : Electrical Machine with three-phase non-salient windings in stator and rotor and with salient winding 

in rotor 

 

III. DESCRIPTION OF WINDINGS PARAMETERS OF INITIAL GENERALIZED 

ELECTRICAL MACHINE [2-7] 
Stator non-salient winding S is characterized by diagonal matrices of active resistances 

𝐑𝐬 = 𝑅𝑠 ∙ 𝟏and inductances of  𝐋𝐬 = 𝐿𝑠 ∙ 𝟏 

The number of turns of stator windings is defined by diagonal matrix Ws = Ws ∙ 1 

Space orientation of magnetic axes of m-phase symmetric non-salient winding of stator is characterized by 

phase matrix. 

𝐃𝐬 =  
1 cos 𝜌𝑠 cos 2𝜌𝑠 ⋯

0 sin 𝜌𝑠 sin 2𝜌𝑠 ⋯

cos  𝑚 − 1 𝜌𝑠 

sin⁡( 𝑚 − 1 𝜌𝑠)
  

Stator phase windings are uniformly distributed along angle2π.  

Magnetic axes of stator phase windings are each other deviated with same angle ρs =
2π

m
. 

Rotor non-salient winding R is characterized by diagonal matrix of resistances  RR = RR ∙ 1and inductances 

 LR = LR ∙ 1. 

The number of turns of rotor phase windings is defined by matrix WR = WR ∙ 1. 

Space orientation of magnetic axes of n-phase symmetric non-salient of rotor winding is characterized by phase 

matrix : 

𝐃𝐑 =  
cos 𝛼1 cos 𝛼1 + 𝜌𝑅 ⋯

sin 𝛼1 sin 𝛼1 + 𝜌𝑅 ⋯

cos(𝛼1 +  𝑛 − 1)𝜌𝑅 

sin(𝛼1 +  𝑛 − 1)𝜌𝑅 
  

Where α1 =
[ρR  1−n −π]

2
  - Magnetic axis deviation angle of first phase of winding relatively to magnetic 

symmetry d; 

Salient excitation rotor winding F has WF  turns. It is characterized by resistance RF  and inductance LF . The 

direction of winding magnetic axis corresponds with the direction of magnetic symmetry d: DF =  [1, 0]; 
The main inductances of stator and rotor windings in the matrix form are: 

𝐿𝑍𝑍(𝛾) =  

𝐿𝑆𝑆 𝛾 𝐿𝑆𝑅 𝛾 𝐿𝑆𝐹 𝛾 

𝐿𝑅𝑆 𝛾 𝐿𝑅𝑅 𝛾 𝐿𝑅𝐹 𝛾 

𝐿𝐹𝑆 𝛾 𝐿𝐹𝑅 𝛾 𝐿𝐹𝐹 𝛾 
  

WhereLSS  γ =  WS  . DS
T . ∇ γ . ∆dq . ∇ γ T . DS  . WS ; 

 𝐿𝑅𝑅(𝛾) =  𝑊𝑅 . 𝐷𝑅
𝑇 . ∆𝑑𝑞 . 𝐷𝑅  . 𝑊𝑅; 

𝐿𝐹𝐹 𝛾 =  𝑊𝐹 . 𝐷𝐹
𝑇 . ∆𝑑𝑞 . 𝐷𝐹  . 𝑊𝐹; 

𝐿𝑆𝑅 𝛾 =  𝐿𝑆𝑅
𝑇 = 𝑊𝑆 . 𝐷𝑆

𝑇 . 𝛻 𝛾 . ∆𝑑𝑞 . 𝐷𝑅 . 𝑊𝑅; 

𝐿𝑅𝐹 𝛾 =  𝐿𝐹𝑅
𝑇 =  𝑊𝑅 . 𝐷𝑅

𝑇 . ∆𝑑𝑞 . 𝐷𝐹 . 𝑊𝐹; 

𝐿𝑆𝐹 𝛾 =  𝐿𝐹𝑆
𝑇 = 𝑊𝑆 . 𝐷𝑆

𝑇 . 𝛻 𝛾 . ∆𝑑𝑞 . 𝐷𝐹 . 𝑊𝐹 . 

 

IV. MATRIX EQUATIONS IN REAL COORDINATE SYSTEM [8]-[9] 
To stator and rotor windings of generalised electrical machine, we apply voltages, characterized by 

vectors𝑈𝑆 , 𝑈𝑅 , 𝑢𝐹 .  Under actions of voltages in stator and rotor windings circulate currents 𝐼𝑆 , 𝐼𝑅 , 𝑖𝐹 .  

According to the 2
nd

 Kirchhoff’s law, 

𝑈𝑆 =  𝑅𝑆𝐼𝑆 + 𝐿𝑆 . 𝑝 𝐼𝑆  + 𝑝 𝐿𝑆𝑆 𝛾  . 𝐼𝑆 + 𝐿𝑆𝑅 𝛾 𝐼𝑅 + 𝐿𝑆𝐹(𝛾).  𝑖𝐹  



American Journal of Engineering Research (AJER) 2017 
 

 
w w w . a j e r . o r g  

 

Page 196 

(3) 

𝑈𝑆 =  𝑅𝑅𝐼𝑅 + 𝐿𝑅  . 𝑝 𝐼𝑅 + 𝑝 𝐿𝑅𝑆 𝛾  . 𝐼𝑆 + 𝐿𝑅𝑅 𝛾 𝐼𝑅 + 𝐿𝑅𝐹 𝛾 .  𝑖𝐹  
𝑢𝐹 =  𝑅𝐹𝐼𝐹 + 𝐿𝐹  . 𝑝 𝐼𝑆  + 𝑝 𝐿𝐹𝑆(𝛾) . 𝐼𝑆 + 𝐿𝐹𝑅 𝛾 𝐼𝑅 + 𝐿𝐹𝐹 𝛾 .  𝑖𝐹  
Where p- operator of differentiation 

According to (1), in many cases it is convenient to represent in matrix form: 

𝑈𝑍 =  𝑅𝑍𝐼𝑍 + 𝐿𝑍 . 𝑝 𝐼𝑍 + 𝑝 𝐿𝑍𝑍 𝛾 . 𝐼𝑍 (2) 

Where:𝑅𝑍 = 𝑑𝑖𝑎𝑔 (𝑅𝑆 , 𝑅𝑅 , 𝑅𝐹);  𝐿𝑍 = 𝑑𝑖𝑎𝑔 (𝐿𝑆 , 𝐿𝑅 , 𝐿𝐹); 

𝐼𝑧
𝑇 =  𝐼𝑆𝐼𝑅𝑖𝐹   ;  𝑈𝑧

𝑇 = [𝑈𝑆𝑈𝑅𝑢𝐹]   
Equations (1) and (2) are called equations in real coordinate system and they include periodic coefficients. 

 

V. LYAPUNOV TRANSFORM OF ELECTRICAL MACHINE EQUATIONS[4][10][11][12] 
Lyapunovtransformations change the state variables and external actions thus rotation matrix becomes unit. 

More, initial machine windings are represented with the same number of turns, and multiphase windings are 

transformed to equivalent two-phase windings.  

As initial equations, we consider (1). We introduce new state variables and control signals for windings S, R, F. 

 

𝐼1 = 𝐾𝑆
−1. ∇(𝛾)𝑇 . 𝐷𝑆 . 𝐼𝑆  ;   𝑈1 = 𝐾𝑆

−1. ∇(𝛾)𝑇 . 𝐷𝑆 . 𝑈𝑆  ; 

𝐼2 =
𝑊𝑅

𝑊𝑆
 . 𝐾𝑆

−1. 𝐷𝑅 . 𝐼𝑅  ;  𝑈2 =
𝑊𝑅

𝑊𝑆
 . 𝐾𝑅

−1. 𝐷𝑅 . 𝑈𝑅  ; 

𝐼𝑓 =
𝑊𝐹

𝑊𝑆
 . 𝐾𝑆

−1. 𝐷𝐹 . 𝑖𝐹  ;  𝑈𝑓 =
𝑊𝑆

𝑊𝐹
 . 𝐷𝐹 . 𝑢𝐹  ; 

 

Where 𝐾𝑆 = 𝐷𝑆 . 𝐷𝑆
𝑇 = 𝑚

2 . 1; 

𝐾𝑅 = 𝐷𝑅 . 𝐷𝑅
𝑇 = 𝑛

2 . 𝑑𝑖𝑎𝑔(1 − 𝐾𝑃 , 1 + 𝐾𝑃) ; 

𝐾𝑝  –distribution coefficient of rotor winding R. 

After replacement, we have: 

𝑈1 = 𝑅1𝐼1 + 𝐿1. 𝑝𝐼1 + 𝜔. 𝐿1 . 𝐸. 𝐼1 + 𝐿0. 𝑝𝐼0 + 𝜔. 𝐸. 𝐿0 . 𝐼0  ; 

𝑈2 = 𝑅2𝐼2 + 𝐿2 . 𝑝𝐼2 + 𝐿0 . 𝑝𝐼0  ; 

𝑈𝑓 = 𝑅𝑓𝐼𝑓 + 𝐿𝑓 . 𝑝𝐼𝑓 + 𝐿0 . 𝑝𝐼0  ; 

with 𝐼0 = 𝐼1 + 𝐼2 + 𝐼𝑓 , magnetisation current. 

𝐸 = ∇ 𝜋 2  , rotation matrix with angle 𝜋 2 . 

 

Matrices of main and mutual inductances of equivalent machine windings are considered equal: 

𝐿0 = 𝑊𝑠
2. 𝐷𝑆 . 𝐷𝑆

𝑇 . ∆𝑑𝑞 = 𝑑𝑖𝑎𝑔(𝐿𝑑𝑑 , 𝐿𝑞𝑞 ) 

Where:𝐿𝑑𝑑 =  𝑚 2  . 𝑊𝑆
2. 𝜆𝑑 ; 𝐿𝑞𝑞 =  𝑚 2  . 𝑊𝑆

2. 𝜆𝑞  

Thus, active resistances and dispersion inductances of phases of non-salient stator winding of equivalent 

machine are equal and correspond to those of initial generalised machine. 

𝑅1 = 𝑅𝑆 ; 𝐿1 = 𝐿𝑆  

𝑅2 = 𝑑𝑖𝑎𝑔 𝑅2𝑑 , 𝑅2𝑞 = 𝐾𝑆 . 𝐾𝑅
−1. (

𝑊𝑆
𝑊𝑅

 )2. 𝑅𝑅  ; 

𝐿2 = 𝑑𝑖𝑎𝑔 𝐿2𝑑 , 𝐿2𝑞 = 𝐾𝑆 . 𝐾𝑅
−1. (

𝑊𝑆
𝑊𝑅

 )2. 𝐿𝑅  ; 

Where:𝐾𝑆 . 𝐾𝑅
−1 = 𝑚

𝑛 . 𝑑𝑖𝑎𝑔 1 − 𝐾𝑅 , 1 + 𝐾𝑅 
−1. 

From the expressions, we have: 
𝐿2𝑑

𝑅2𝑑

=
𝐿2𝑞

𝑅2𝑞

=
𝐿𝑅

𝑅𝑅

, 

𝑅2𝑞

𝑅2𝑑

=
𝐿2𝑞

𝐿2𝑑

=
1 − 𝐾𝑅

1 + 𝐾𝑅

≤ 1 

Finally, equations (2) correspond to two-phase non-salient rotor winding. 

 

We have  𝑅𝑓 = 𝑚
2 . (

𝑊𝑆
𝑊𝑅

 )2. 𝑅𝐹  ; 

𝐿𝑓 = 𝑚
2 . (

𝑊𝑆
𝑊𝐹

 )2 . 𝐿𝐹  

The vectors𝐼1, 𝐼2, 𝐼𝑓 , 𝑉1, 𝑉2, 𝑉𝑓  are characterised by two coordinates : 

𝐼1
𝑇 =  𝑖1𝑑 , 𝑖1𝑞   ; 𝐼2

𝑇 =  𝑖2𝑑 , 𝑖2𝑞  ; 𝐼𝑓
𝑇 =  𝑖𝑓 , 0  ; 

𝑈1
𝑇 =  𝑢1𝑑 , 𝑢1𝑞  ; 𝑈2

𝑇 =  𝑢2𝑑 , 𝑢2𝑞  ; 𝑈𝑓
𝑇 =  𝑢𝑓 , 0 . 
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In the developed form, (3) can be written as follows : 

𝑢1𝑑 = 𝑅1𝑖1𝑑 + 𝐿1 . 𝑝𝑖1𝑑 + 𝐿𝑑𝑑 . 𝑝𝑖𝑜𝑑 − 𝜔𝐿𝑞𝑞 . 𝑖𝑜𝑞  ; 

𝑢1𝑞 = 𝑅1𝑖1𝑞 + 𝐿1 . 𝑝𝑖1𝑞 + 𝐿𝑞𝑞 . 𝑝𝑖𝑜𝑞 + 𝜔𝐿𝑑𝑑 . 𝑖𝑜𝑑  ; 

𝑢2𝑑 = 𝑅2𝑑 𝑖2𝑑 + 𝐿2𝑑 . 𝑝𝑖2𝑑 + 𝐿𝑑𝑑 . 𝑝𝑖𝑜𝑑  ; 

𝑢2𝑞 = 𝑅2𝑞 𝑖2𝑞 + 𝐿2𝑞 . 𝑝𝑖2𝑞 + 𝐿𝑞𝑞 . 𝑝𝑖𝑜𝑞  ; 

𝑢𝑓 = 𝑅𝑓 𝑖𝑓 + 𝐿𝑓 . 𝑝𝑖𝑓 + 𝐿𝑑𝑑 . 𝑝𝑖𝑜𝑑  ; 

Where:𝑖𝑜𝑑 = 𝑖1𝑑 + 𝑖2𝑑 + 𝑖𝑓  ;  𝑖𝑜𝑞 = 𝑖1𝑞 + 𝑖2𝑞 . 

Equations (3) do not include periodic coefficients. Therefore, transformed equations from (1) are 

Lyapunovtransformations. If we assume that angle rotation speed 𝜔 varies slower than speed of electromagnetic 

processes, then we can consider that equations (3) are linear.  

 

VI. CONCLUSION 
Electrical machine with salient rotor, that has in rotor salient and non-salient n-phase windings, and also m-

phase non-salient winding in stator, possesses properties of many electrical machinesused in various 

applications.  

The dynamics of electromagnetic processes occurring in electrical machine characterise linear differential 

equations with periodic coefficients.  

Transformed equations correspond to generalised electrical machine where: 

- Stator and rotor windings have the same number of turns ; 

- Non-salient m-phase stator winding is changed into two-phase winding ; 

- Non-salient n-phase rotor winding is changed into two concentrated windings with direction of magnetic 

axes along axes of magnetic symmetry d and q.  

Lyapunov transformations obtained for electrical machine by Park permit to have equations whose coefficients 

are constant values.  

 

REFERENCES 
[1] Two-reaction Theory of Synchronous Machines Generalized  Method  of Analysis-part I. Transactions of the American  Institute  of 

Electrical Engineers, 48(3):716–727. Park, R. (1929). 

[2] Two-reaction theory of synchronous machines- II. Transactions of the American Institute of Electrical Engineers, 52(2): 352–354. 
Park, R. (1933). 

[3] Steady-state equivalent circuits of synchronous and induction machines.  Transactions of the American Institute of Electrical 

Engineers, 67(1):175–181. Kron, G. (1948).   
[4] Tensors in Electrical Machine Theory, Chapman and Hall, Gibbs, W.J. 

[5] Electric Machine Analysis Using Matrices, Pitman, Gibbs, W. J. 

[6] The General Theory of Electrical Machines, Chapman and Hall, Adkins, B. 
[7] Generalized Theory of Electrical Machines, Khanna Publishers, Bimbhra, P.S., (1987) 

[8] Generalised Circuit Theory of Electrical Machines, Part I, Journal of Institution of Engineers (India), Govinda Rao, C. V. and 

Mathur, R. M., (August 1963) 
[9] Generalised Circuit Theory of Electrical Machines, Part II, Journal of Institution of Engineers (India), Vol 44, Govinda Rao, C. V., 

(February 1964) 

[10] Generalised Circuit Theory of Electrical Machines, Part III, Journal of Institution of Engineers (India), Vol 44, Govinda Rao, C. V., 
(February 1966) 

[11] Modelling of induction machines for electric drives.IEEE Transactions on Industry Applications, 25(6):1126–1131. Slemon, G.  

(1989).    
[12] Modélisation  des machines  électriques en vue de leur commande, concepts généraux. Traité EGEM : Génie électrique. Hermès - 

Lavoisier, Paris. Louis, J.-P.  (2004).   

 
 

 

 

(4) 


