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Abstract: In this paper, double Sumudu transform method is introduced used to solve the one dimensional heat
equation and the results are compared with the results of double Laplace transform
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l. INTRODUCTION
The heat equation is a parabolic partial differential equation that describes the distribution of heat (or
variation in temperature) in a given region over time. Head is the energy transferred from one point to another.
heat flows from the point of higher temperature to one of lower temperature. partial differential equation that
governs the heat flow in a rod.
The PDE can be formally shown to satisfy

U, =kUyy, 0<x <L, t>0 (1)
Where U =U (x ,t)represents the temperature of the rod at the position x attimet, and k is the thermal

diffusivity of the material that measures the rod ability to heat conduction.

In recent years, many researches have paid attention to find the solution of partial differential equations by
using various methods. Among these are the double Laplace transform, and double Sumudu transform , there are
various ways have been proposed recently to deal with these partial differential equations, one of these
combination is Sumudu transform method . The Sumudu transform a kind of modified Laplace’s transform.

1. LAPLACE TRANSFORMS
Laplace transforms of the function f (t) is denoted by L [f (t)] and defined as
L [f (t)]zF(s):je*“f (t)dt. 2

We assume that this integral exists.
Let f (x ,t) be a function that can be express as convergent infinite series and let (x ,t) € R " then the double
Laplace transform of a function of f (x ,t) in positive quadrant of xt - plane is given by.

- @)
L, LIf () i(p.s)l=[[f (x,t)e ™ dxdt = F (p,s)
00 Wherex ,t > 0, and

p, s are transform variables for x and t respectively whenever the improper integral is convergent.
Iff (x ,t) iscontinuous function have second partial derivative, then double Laplace transform of partials
derivative of the first and second as follow:-

e Double Laplace transform for first partial derivative with respect to t is

[of (x,t) ot (x ) (e
e J I I

e Double Laplace transform for first partlal derivative with respect to x is

[ of (x,t) “of (x,t) o (pxe

LT J J I

'dxdt = sF (p,s) - F (p,0) 4

)dxdt:pF(p,s)fF(O,S) )
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e Double Laplace transform for second partial derivative with respect tot is

[0%f (x t T ot (xt oF (x,0
L.L, # J'I ( ) (e t)dxd'[:st(p,s)—sF(p,O)—¥ (6)
| a J /) ot
e Double Laplace transform for second partlal derivative with  respectto x
is
[0%f (x,t T 770% (X0t) (pees oF (0,s
L L, #;(p,s) ='”#e (v t)dxdt:pZF(p,s)—pF(O,s)—¥
0°x 5 o oxX ox

(")

Il1.  SUMUDU TRANSFORMATIONS
Sumudu transform of a function f (t) is defined for all real numbers t > 0 as the functions (u ), given by:
i t

S[f (t)]=M (s):il_im je_vf(t)dt. (8)
Y J%wo

Let f (x ,t) be afunction that can be express as convergent infinite series and let (x ,t) € R " then the double

Sumudu transform of the function of f (x ,t) in positive quadrant of Xt - Plane is given by

(x

00 00 _ L\
S,[f (x ,t):(uy)]:iijjf (x,t)e L deth 9)
uv

Wherex ,t > 0,and u, v are transform variables for x and t respectively whenever the improper integral is
convergent.
Iff (x ,t) is continuous function have second partial derivative, then Sumudu transform of partials derivative
of the first and second as follow:
e  Double Sumudu transform for first partial derivative with respect to t is
[of (x,t) ] Dof (x 1) --

o[ T |- B [T e w01 0.0 @0

t

e Double Sumudu transform for first partlal derivative with respectto x is

t

[of (x, t) 17017 of (x )y =] 1

5 1 e e “dx |.e'dt=—[M (UVv)-M (0v)
ZL oX J '([Lu '[ J u [ ]
(11)
e Double Sumudu transform for second partial derivative with respect tot
[6°f (x .t TN (x,t) = b 1 1 10M (u,0
s, # ———H ( ) ‘e Ydxdt =—M (UV)-—=M (u,0)-— 1M @.09)
L ot J 0 0 v \Y v
(12)
e Double Sumudu transform for second partial derivative with  respectto x is :-
[0 f (x,t ot (x,t) - 1 1 1 oM (0,
S & =—— (X ) “.e dedt=—M(u,v)——f(O,v)——J(B)
2 L 2 J 2 2
ox u u u ox

IV. APPLICATIONS
In this section, we assume that the inverse double Sumudu transform is exists. We apply the inverse
double Sumudu transform to find the solution of the heat equation in one dimension with initial and boundary
conditions.

Example (1)

Solving the heat equation
ou U

—= —, t>0 (14)
ot ox '
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With conditions
: ou (0,t)
U (0,t) =0, U (x,0)=sinx, ——=¢ (15)
ox

By taking the double Laplace transform of equation (14), we get

2 oF (0,s)
SF(p,S)*F(p,O)I p F(p,s)* pF(O,S)*—

OX (16)

The single Laplace transform of initial conditions gives

1 oF (0,s) 1
F(0,s)=0, F(p,0)= , =

2

p-+1 oX s +1 (17)

By substituting (17) into equation (16), we get

1
sF(p,s)-———=p F(p,s)-0-
p +1 s +1

(s-»)

(s—p )F(D-S)=m

s +1

F(p S)=[ - \( -

)
p 241 J (18)
Applying inverse double Laplace transform of equation (18) gives thesolution of heat equation (5.3) in the form

U (x,t)=e sinx. (19)

By taking the double Sumudu transform of equation (14), we get:-

1 1 1 1 0M (O,v)
—[M@UyVv)-M (u,0)]=—M (u,v)-—M (OVv)-——"— (20)
% u u u ox
The single Sumudu transformation for the conditions gives
u oM (0,v) 1
M (0,v) =0, M (u,0) = - = (21)
1+u oX 1+v
Substitute (21) in (20) we get
_v 1 u 11
M (u,v) =— T
u'v vi+u ul+yv
M (u,v) = (22)

1+u’1+v
Applying inverse double Sumudu transform of equation (22) gives the solution of heat equation (14) in the form

U (x,t)=sinx e ".(23)

Example (2)

Solving the heat equation

ouU  8U )

—= —+sinx, t>0 (24)
ot ox
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With conditions

ouU (0,t -
U (0,t)=e ", U (x,0)=cosx, #:1—et (25)
ox
By taking the double Laplace transform to Eq (24) we get
2 oF (0,s) 1
sF(p,s)-F(p,0)=p F(p,s)-pF(0,s)- +—; (26)
ox Sp™+s
The single Laplace transform of initial conditions gives
p oF (0,5s) 1
F(p.0)=—F, == F(0,s) =
p-+1 oX S"+s s+1 27)
By substituting (27) into equation(26), we get
p p 1 1
(s—pz)F(p,s)—: —- + -

p +1 s+1 sp2+s sP+s
p(s-p°) . s(s-p°)
(p2+1)(s+1) (sp2+s)(sz+s)

p 1 1 S

F(p,s)= ; +—— .
(p +1)(s+1) s p +1ls +s

(s—p*)F(p.s)-=

p 1 1 (1 1)
F(p.,s)=—; +— L__ J (28)
p"+1s+1 p +1ls s+1

Applying inverse double Laplace transform of equation (28) gives the solution of heat equation (24) in the
form:-

U(x,t)=cosx e +sinx(l-e ) (29)
By taking the double Sumudu transform of equation (24) we get

1 1 1 1 0M (0,v) u
—[M (u,v)-M (u,0)]=—M(u,v) - —M (0,v) - — +
v u u

2

u ox 1+u
v 1 1 1 6M (0,v) u
M (u,v) = =M (u,0) - —M (0,v) - — + —(30)
uv \Y u u OX 1+u
The single Sumudu transformation for the conditions gives:-
1 oM (0, 1
M (0,v) = M (u,0) = ——, ©v) _, (31)
1+v 1+u oX 1+v
Substitute (30) in (29) we get
2_v 11 111 1
M (u,v) =— ——( \+ uz
u’v vi+u® “1+v 1+VJ 1+u
[ u’ v )by uv’
(U =v)M (V) = - |
\1+u 1+v) (1+u 1+v)
1 1 u 1)
M (u,v) = > + S| 1- (32)
l1+u 1+v 1+u 1+VJ

Applying inverse double Sumudu transform of equation (36) gives the solution of heat equation (24) in the form
U(x,t)=cosx e +sinx(l-e ') (33)

Example (3)

Solving the heat equation

ou o°u

—= ~-3u+3, t>0 (34)

ot oX '
With conditions
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ou(0,1) -4t
=e

u(o,t) =1, u(x,0) =1+sin x,
OX (35)
By taking the double Laplace transform to Eq (34) we get
M—BF (p,s)+i (36)
OX ps
The single Laplace transform of initial conditions gives
oF (0,s)

sF(p,s)-F(p,0)=p°F(p,s)- pF (0,s) -

1 1 1
F(p,0)=—+—; F (0,s) =—, 37)
p p +1 s X s +4

By substituting (37) into equation (36), we get

(1
SF(p’S)_L_+ "1
pp +

) , 1 3
sz F(p,s)-p—- -3F(p,s)+—
s s+4 ps

s+47p271 sfp2+3
+
(p2+1)(s+4) ps

(s—p°+3)F(p,s)=

1 1
F(p,s)=—7——+—0r
(p +1)(s +4) ps
1 1 1
> + — (38)
p"+1s+4 ps
Applying inverse double Laplace transform of equation (38) gives the solution of heat equation (34) in the form
U (x,t)=sinx e " +1. (39)
By taking the double Sumudu transform to Eq (34) we get

F(p,s)=

10M (0v)

1 1 1
—[M (xVv)-M (u,0)]=—5M @U,v)-—M(0,V)- -3M (u,v)+3. (40)
v u u u ox
The single Sumudu transform of initial conditions gives
oM (0, V) 1
M(u,0) =1+ ~, M(0,v) =1, = . (41)
1+u ox 1+ 4v
By substituting (41) into equation (40), we get
1l ( u Y11 1 1
— M (x,v)-|1+ > =—M@Uu,v)-—-— -3M (u,v)+3
VL L l1+u ” u u ul+4v
3
u uv
= (U’ -v +3uV )M (u,v) = - +u’-v +3u’v
1+u 1+ 4v
ul+4uV —uv —u'Vv
(uz—v+3u2v)M(u,v): +(u2—v+3u2v)
(1+u®)(1+4v)
u
M (u,v) = +1

(1+u2)(1+ 4v )

1
M (u,v) =

= +1 (42)
l+u” 1+ 4v
Applying inverse double Sumudu transform of equation (42) gives the solution of heat equation (34) in the form

U (x,t)=sinx e " +1. (43)

V.  CONCLUSIONS
Double Sumudu transform is applied to obtain the solution ofheat equation of one dimensional, the result are
compared with result of double Laplace transform. The heat equation in one dimensional under the boundary
conditions, give similar results when we use the double Sumudu transform and double Laplace transform
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