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ABSTRACT: Some new mathematical models of the electric field of a rectangular waveguide (RW) filled with
air have been developed, taking the nonlinearity of the medium into account, which are described by partially
differential equations of elliptic type. By using the finite difference method it has been determined the actual
value of the electric field tension of RW with air filling. An experimental study has been conducted, as a result of
which, the values of the electric field of the studied device have been set. The comparison of the results of
calculations and experiment have been conducted, which is quite satisfactory, and the error does not exceed
5%.
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I. INTRODUCTION
Intensive development of the art of ultrahigh frequency (UHF) entailed the creation of simple compact
transmission lines, as the latter is largely determined by the electric and structural parameters of radio devices in
which they are applied.

Recently RW with air filling have been widespread in practice from varieties of microwave transmission lines.
These transmission lines are over broadband, cheaper and easier to manufacture, have a high dielectric strength
required for the transmission of high power, high mechanical strength, providing high reliability, long life and
resistance to mechanical stress, minimal power loss, thereby increasing the range of radio activities and
improved electrical characteristics and elements of radio nodes, constructed on the basis of RW with air filling.

A considerable number of theoretical works have been devoted for the calculation of the electric field inside of
RW. It should be noted that even with the necessary credibility and value, the obtained theoretical data is only
valid for the linear medium. However, when the strong electric field inside of RW fields filled with air it is
circulated in the nonlinear space [1-5]. Therefore, the problem of numerical calculation and experimental study
inside of the electric field with RW filled with air, with all the factors listed above, is not solved so far and is
significant in electrodynamics.

I1. DEVELOPMENT OF MATHEMATICAL MODELS OF THE ELECTRIC FIELD

It is known that for the electric field, the vector divergence of the electric induction D at the point within the
volume is equal to the density of charge p, thatis, [6-9]:

divD = p. (1)

From the other hand [10]
D =c¢¢,E, 2
E = —grad ¢, 3)
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here ¢ —is scalar electric potential, ¢ - relative permittivity, E - vector of the electric field strength,

, =8,85-10 "“F /m electric constant.

Substituting (3) in the expression (1) taking into account the equation (2), we obtain:

vip=-2 @)

0
here v — is a differential operator of nose v ° = St
oX oy 0z
Transforming the left-hand side of equation (4), we find:
0 0 0 0 0 0
o 00, 0,22, 2,20 __~r. 5)
ox\ ox ) oy oy oz\ 0z ) £
When ¢ = ¢(E) , the equation (5) takes the following form:
d d ol dpl o d
L S L I PN D ®)
8XL 6XJ 8y[ 8yJ GZL 5ZJ £,

In strong fields, we find a relationship between the relative dielectric constant ¢ and the electric field E, for
which we use the following graph [11-14]:
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Fig.1 The relationship between the relative Fig.2 Definition of the analytical

permittivity € and the electric field strength E. expression between ¢ and E.

It should be noted that, when a strong field strength, as in our case, the medium has a nonlinear character. In a
nonlinear medium, the dependence between the relative dielectric constant € and the electric field ¢ is not
linear [15-17].
As seen from figure 1, the relationship between € and E field in the region of ab can be considered linear and
wherein ¢ is defined as follows:
& =¢, +kE, @)
here k-is the angular coefficient.
We lay off segment OB on the axis o¢ the value of which is equal to 1,8 and construct a straight line
given by the equation (7) (fig.2). We draw segment OE through the point B parallel to the axis, whose value

BN =3-10°, and through point N segment os parallel to the axis N whose value NM = 3,2 . Then we
draw line BM, which is the required one. It has a slope of k = 3,2/3-10 ° and cuts on o« axis, the segment
size ¢ = 1,8. Thus, by substituting the above data in (7), we obtain:

£=18+1,066 10 "E. (8)
Substituting equation (8) into (6) we obtain

) 0 ol op |
—r(1,8+1,066-10’5E)—M+— (1,8 +1,066-10 *E) —2 | +
ox | ox | oy o |

0
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1Hl. NUMERICAL METHOD OF CALCULATION
In the calculation of the electric field in a certain homogeneous bounded domain V from a given source
distribution field, it is necessary that its solution should satisfy the boundary conditions on the surface of S,
bounding area V. Equation (9) belongs to the elliptic type. The ellipticity of the equation (9) takes place under
certain conditions [18-20]. Therefore, a simple boundary value problem for the calculation of the field in the
region V is the satisfaction of the Dirichlet conditions

(D(X,y,Z):(DU(X,y,Z). (10)
Substituting the boundary conditions (tasks) for the equation (9), it is necessary to add the capacity of the
regularity condition at infinity to the expression (10)
lim o(X,y,2) < o, (12)
(x2+yz+zz)—>oc
It should be noted that the numerical solution of differential equations with partial derivatives (9) is
algebraization of the problem, i.e., in this choice of a certain approximation of the solution and the differential
operator, where the unknown coefficients in the approximated solution are determined from the system of
algebraic equations.

In recent years, the general theoretical basis for almost all the methods used to calculate the electric field
parameters it has become the finite difference method [21], which is one of the most effective and widely used
methods of solution of initial, boundary and initial value problems for differential equations in partial
derivatives.

Finite difference method is used quite successfully and is currently used for a wide range of problems of
calculation of physical fields and processes and, in particular, electrical.
In the case of a nonlinear medium in the development of numerical algorithm, it is advisable to start from the
field equations in the integral form. Therefore, the equation (9) can usefully lead to an integral form.
Construction of a difference scheme of a nonlinear boundary value problem with respect to the component ¢ of
the scalar electric potential, which describes the distribution of electric field in the region Q is shown in fig.3.

In order to solve the equation (9) it is necessary to know the initial and boundary conditions for the vector

E , for the scalar electric potential ¢ :

¢ . :

—=a,(x) in region 1-4,

oy

ap .

—=0 in region 1-2, (12)
oy

Qo =y in region 2-3,

o =a,(x) in region 3-4,

here, a,(x), a, (x) - defined functions, y = const , also an unknown quantity.
At the internal borders of the environment, the condition of continuity is maintained.

Y oA Lkl i*lk it1ke1
2 3
2 1 o
e=e(E) "j,] _______ -un, Q hyii)
ik | D Ik Hatk) ikel
i A . hy(i1)
! 4
i=1. k-1 i1k =l kel
Fig.3 Estimated area: 1-4 nodes. Fig.4 Inner node of grid: I-1V-subdomain.

In order to simplify the calculations, let us turn to the two-dimensional distribution of the electric field inside the
RW with air filling. By using the law of total current and applying the relation
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- _(1,8+1,066~10’5E)a—¢,

oy oy

(13)

0 0
| E, = o) - _(1,8+1,066-10 °E) -2,
[ OX OX
we obtain the equation (9) for the two-dimensional electric field in an integral form

0 Y 1
j(1,8+1,066~10 SE)—(pdx+j(1,8+1,066~10 *£y Ly =—”pdxdy. (14)
g, %%

oy ox

I |

In the computational domain Q (fig.4), we introduce an irregular grid with step
hx (k),k =1,2.., n, =1, hy (@), i=12., n,—-1 (n, -thenumber of nodes on the OX-axis, n, -number

of nodes on the OY-axis), so that the lines forming the grid area, held by internal and external boundaries
between media, and denote it by Q_ Lets consider an arbitrary inner grid node a(i, k) (fig.4). Suppose the
node (i, k) isinthe range Q,, limited with line 1, (A, B,C,D,). Assuming [8], that within the grid cell space
charge density and electric field strength are unchanged, we calculate the integrals on the left and right sides of
the equation (14) in the area of Q_, gamma, limited with line I, (A,B,C. D).

I+7/1¢)i—1k +y2¢ik+l+y3¢ik—1+y4(oi+1k
P\ = : (15)
}/1+72+7/3+7/4

( (1.8+1,066-10 "E,, )hx(k —1)+ (1,8 +1,066 10 "E,,)hx(k)
vy = :
I ' 2hy (i)
I (1,8+1,066-10°E, )hy(i—1)+(1,8+1,066-10 °E,,)hy(i)
v, = :
4| ! 2h(x) (16)
| (1,8+1,066-10 "E,_,, )hy(i-1)+ (1,8 +1,066-10 "E,, ,)hy(i)
vy = .
: : 2hx(k —1)
I7 _ (1,8+1,066-10 "E,_,, )hx(k -1)+ (1,8 +1,066-10 "E,  )hx(k)
. 2hy(i-1) ’
I =1 hx(k —21)hy (i) /4 + 1 hx (k)hy (i) /4 + )
+ 1, hx (k)hy (i=1) 74+ 1, hx (k —1)hy (i — 1)/ 4.
Accordingly, the strength of the electrical field in the point
hy (i) hx (k)
Zz(yi + 1Xk + 2 )
is determined with the formulas:
E - Pivit ~ Pivikar T Pik = Pisax (18)
" 2hy (i) '
E - Piiksr ~Pik T Pikis = Pisax . (19)

y

2hx (k)
According to the formula (15) it is possible to determine the value of the potential in any internal node of the
grid area from the values of the potential in the four neighboring nodes.

Various boundary conditions (12) are set in the various nodes of the boundaries of the computational domain Q
(fig.3). For all sections of the border and the corner points of the area, it is necessary to obtain their difference

equations. On the part of the boundary 3-4 Dirichlet condition ¢ = a,(x). In this case, the potential of the
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boundary node is determined once as the value of function «,(y) at the point y, .. In each node of the
boundary area 2-3, the value of potential remains unchanged and equal to . Symmetry condition d¢ /6x = 0
is set on the part of the boundary 1-2. In order to bypass the boundary node, in this case, we choose the path

I,(A,B,C,D,) (fig.5 v). Calculating the integrals on both sides of the expression (14), along the path
l,(A,B,C,D,)andthearea Q,, we get
_ ;/lgoi—l,l + 7z¢i‘z + 7/4¢)i+1,1

Pis ) (20)
VitV 7,
here
(1,8 +1,066-10 "E,_,,)hx(1) (1,8+1,066-10 "E,_, )hy(i-1)+ (1,8 +1,066-10 "E, )hy(i)
V.= y YV, = )
' 2hy (i) ’ 2hx(1)
(1,8 +1,066-10 "E, , )hx(1)
}/3 = Ol }/4 = - - .
2hy(i-1)
Let us consider the case where the condition is set in the area of boundaries in the form
oX
— =a,(x)
ay 1-4

The integration contour is selected in such a way that its lower part is held at the border of the computational
domain I, (A,B,C,D,) (fig.5, b).
If we lead integration along contour I, (A,B,C D), we shall receive

_ VoPowk TV71Prxsr T VuPay — 7

P : (1)
7/2 + ys + }/4
PRI
“ 2
hy @) hy @) hx(k —1) + hx(k)
here y = I a, (x)dx;y, =05y, = Ly = - |
hx (k-1) 2hx(k) 2hx(k —1) 2hy (1)
Xk+f
i+, ] i+1,2
Ay '14"‘%] hy(i)
2,1 2.3 L 1k 2t iy
. Ll .I 2
E || ! |
. ' iy (1) A LB b, ! hy(i-1]
LI } A - P
2 heqry | s | 23 5 Q4
. 1.1 c,; 1,2 TR T, 1441 i-1, 12
a) b) V)

Fig.5 Boundary nodes of grid.
For a corner point 1 (fig.3)

VoPio T V4Pon — 7

Pia (22)
Y2t 7,
Here, the path of integration I, (A,B,C,D,) (fig.5, a):
hy (1) hx (1) 2
7y, =07, = ,73=0,74= VY o= Ial(x)dx.
2hx (1) 2hy (1) ;

The differential equation has the following form in point 4 (fig.3):
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71¢2,n1 + 73(p2,n1 -7

¢,,Nn = : (23)
Vit 7,
Here, the integration contour |5 is symmetrical to the contour shown in fig.5, a:
hx(n, —1) hy (1) "
71:—117/2: !7/3:—1}/4:0’7/: J al(x)dx
2hy (1) 2hx(n, -1)

hx(n, -1
- (n,-1)

2
Equations (15) and (20), (21) and (23) form a difference scheme of the boundary problem (9), (12), (14) of the
system of algebraic equations, and they should be solved using iterative methods, in particular by successive
upper relaxation (Young's method), because this method is extremely simple and easy to implement.

IV. CALCULATION OF THE FIELD STRENGTH

Based on the above mathematical algorithm design, calculation program is made in the language ¢ ** and it was
conducted a calculation method of the electric strength of the field RW with air-filling operating at frequencies
4,9-7,05 GHz, excitation with E-type and H-type waves. The dependences between the electric field intensity
and the length of the cross section of RW with air filling for the E-type and H-type wave (fig.6 a, b) has been
set. These relationships allow us to determine the electric field distribution inside the device. It should be noted
that the data of the dependence also allows to determine the relationship between the electromagnetic and the
design parameters of the studied device.

Ex, Ey(10%) Vim
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Fig. 6 Electric field dependence on the length of the cross-sectional RW with air filling for E-type (a) and the H-
type (b) of the waves.

V. RESULTS OF EXPERIMENTAL STUDIES AND OF THEIR DISCUSSION
The experiment [3, 22] was conducted to determine the structure of the electric field inside of the RW with air
filling, as well as to test the resulting differential equation with partial derivatives (9). Block diagram of the
experimental setup is shown in fig.7.

On RW filling with air n = 20 hole was penetrated, which pickup probe is penetrated inside, wherein the
distribution is measured along the wave guide.

Initiation of RW is generated with microwave generator operating in a range of 1 + 10 cm. The currents in the
excitatory vibrators may coincide in the direction or be opposite depending on the choice of the lengths of the
power supply. These lengths can be made equal or differ with the half of the wave length in the cable.

The electric field is measured using a capacitance probe, which is a coaxial line open in one end, an inner
conductor which acts on a specific length.

Frequency of UHF generator is set on the scale of the generator is controlled by wave meter accurately.
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Microwave Bactangular wavegnids
generator :l-'\’ with air filling

U

Capacitance or inductive Field strength
probe with detector ::> mater

Fig.7 Block diagram of the experimental setup for measuring the field strength.

In experimental studies of the electric field inside of RW with air filling it was set tension of the electric field on
portions of the device.
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Fig.8 The relationships between the electric field strength and the length of the cross-section of RW with air
filling for the E-type (a) and the H-type (b) of the waves according to the results of experimental research.

Based on the experimental data, the relationship between electric field intensity and the length of the cross-
section of RW with air filling for the E-type (fig.8, a) and the H-type (fig.8, b) waves. These relationships allow
us to determine the electric field distribution inside the device.

It should be noted that to get the true value of E the measurements must be repeated for n> 30 times. Therefore,
considering these conditions for each elementary area, the measurements were repeated for n = 45 times. After
receiving the experimental data in the form of statistical series and analysis, errors were ruled out for serious
mistakes and then the measurement was repeated for such cases. The total measurement error is +4,35%. A
discrepancy between theory and experiment is about 5%. Comparing the results of the calculation of the electric
field RW with air filling in the formula (9) with the experimental data, we can see that the differences in the
numerical values of E are practically acceptable. This fact proves not only the correctness of the obtained results
by the formula (9), and reaffirms the importance of the proposed formula, which provides an extremely simple
solution to a complex problem. On the basis of the obtained results the following conclusions can be made.

VI. CONCLUSIONS

1. It is shown that in strong fields, the environment inside of RW with air filling behaves non-linearly, ie.
relative dielectric conductivity of environment € is a strength function of the electric field E.

2. Taking the nonlinearity of the medium into account, it was constructed new mathematical model of the
electric field RW with air filling operating at frequencies 4,9 + 7,05 GHz.

3. The resulting non-linear differential equation is solved using the finite difference method and it was
determined the numerical values of the electric field of RW with air filling for the excitation E-type and H-
type waves.

4. Conducted an experimental study of the electric field inside of RW with air filling. This confirmed the
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theoretical results obtained in this work. This proves not only faithfulness to the results, but also the
importance of the proposed formula, which provides an extremely simple solution to a complex problem.

5. Theoretical and experimental results obtained in this study can be used in a variety of television towers,
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which gives an opportunity to significantly increase productivity while controlling and measuring
operations.
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