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Abstract :- There are several theorems are prove in Hilbert space, using various type of mappings . In this
paper, we prove some fixed point theorem and common fixed point . Theorems, in Hilbert space using different,
symmetric rational mappings . The object of this paper is to obtain a common unique fixed point theorem for
four continuous mappings defined on a non-empty closed subset of a Hilbert space .
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l. Introduction
The study of properties and applications of fixed points of various types of contractive mapping in Hilbert and
Banach spaces were obtained among others by Browder [1] ,Browder and Petryshyn [2,3] , Hicks and Huffman
[5] ,Huffman [6] , Koparde and Waghmode [7] . In this paper we present some fixed point and common fixed
point theorems for rational inequality involving self mappings . For the purpose of obtaining the fixed point of
the four continuous mappings . we have constructed a sequence and have shown its convergence to the fixed
point .

1. MAIN RESULTS
Theorem 1 :-

Let E,F and T befor continuous self mappings of a closed subset C of a Hilbert space H satisfying
conditions :

l, © E(H)cT(H) and F(H)cT(H)
ET=TE, FT =TF

[Tx - - - |
N [ Y Ty

[rx-Fyl+fry-ex| |
+ [frx - ex]« fry - Fy]]

w7 [ Fyf[ fry - Ex|]+ o frx-Ty]
Forall x,ye C with Tx # Ty ,where non negative a, B,y ,6 such that
O<a+pB+y+35<1 . Then E,F,T have unique common fixed point .

Proof :- Let x,eC ,Since E(H)c T (H ) we canchoose a point

x, e C , suchthat Tx, = Ex, , also F(H)cT(H) , wecan choose x, e C such
that In general we can choose the point :

Tx,..,=Ex,. (1.1)

T, =Fx,.., (1.2)

Now consider
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||TX2n+1 _TX2n+2|| = ||Ex2n - Fx2n+1||
From 1c,
||Tx _ Ex ||s o I—”sz" _TX2n+1”{”TX2n B Ex2n||+ ||TX2n+1 B FX2n+1”}—}
‘" e ”Tx2n — Fx2n+1||+ ”Tx2n+1 - Ex2n|| J
+p [”Tx2n - Ex2n||+ ”szn+1 - szmn]
w7 [ = P |+ [T = Exu ]+ 6T - T,
||Tx _ Ex ” o }—”Tx“ _szn+1”{”TX2n _TX2n+1”+ ||TX2n+1 _TX2n+2”}—I
2n+1 2n+2 || —
L ”szn —Tx2n+2||+”szm—sz”” J
AL =T [ =T, ]
+y [||T><Zn ~ T |+ [T % —Tx2n+1||] v 8 [T, —Tx,, |
[ |
||TX2n+1 - TX2n+1||S L%J ||Tx2n - TX2n+1||
||TX2n+1 - TX2n+1||S aq ||TX2n _TX2n+1||
where

la+p+y+65 ]

Q={—1_ﬁ_7 J<l;
For n=1,2,3, .......

Whether , |Tx2n+1 -Tx,,.,[=0 ornot
Similarly , we have
”szn+1 —Tx2n+2||£ q".|Tx, —Tx1||

For every positive integer n , this means that ,

Z ||TX2i+1 - sznz ” S

i=0

The sequence (T "x,)  convergestosame u inC ,soby (1.1) &(1.2):
neN

{E nXO}neN and {F nXO}neN also converges to the some point u ,respectively.

Since E, F,T are continuous , there is a subsequence tof {F "x,} such
neN

that :

E[T(t)]> E(u).T[E(t)]>T(u),F[T(t)]> F(u),T[F(t)]>T(u)

By (1c,) wehave , E(u)=F (u)=T(u) ... (1.3)

Thus , we can write

T(Tu)=T(Eu)=E(Tu)=E(Eu)=E(Fu)=T(Fu)=F(Tu)=F(Eu)=F (Fu) ......... (1.4)

By (1cy), (1.3) and (1.4) we have ,if E(u)= F (Eu)
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fHTu T (Eu H ru—-Eul+ HT Eu)-F (Eu HT
L HTu—F(Eu)H HT Eu) Eu” J

+ﬂ[||Tu—Eu||+HT (Eu)—F(Eu)H

HEu -F (Eu)” <a

+y[HTu—F(Eu)H+HT(Eu)—EuH]+5HTu—T(Eu)H

|eu-F (Eu)|< (s +7+5)|Eu-F (Eu)

Thus we get a contraction ,

Hence Eu=F(Eu) (1.5)
From (1.4) and (1.5) we have

Eu=F (Eu)=T(Eu)=E(Eu)

Hence Eu isacommon fixed pointof E,F and T .

Uniqueness :-
Let v isanother fixed pointof E,F and T different u ,

Then by (1c,) we have
Ju - v]=Jeu-Fy|

|—||Tu Tv” ”Tu Eu” ||Tv—Fv||—|

”Eu - Fv”

 re-r e
w p[[ru-Eulfrv—Fvl] e r[[ru- eyl fre-guf]sfru-Ty
Ju-v]< (27 +)u-v]

Which is a contradiction .
Therefore u isa unique fixed pointof E,F & T in C .
Hence Proved

Theorem 2 :-

2015

Let E,F and T befor continuous self mappings of a closed subset C of a Hilbert space H satisfying the

following condition :
2¢, E(H)CT(H) & F(H)CT(H)
ET =TE , FT =TF
|—”Tx Ty” HTX— E'XH+ ||Ty— Fy”ﬂ

2c, HErx—FsyH<a|
eyl e fry-es]

o [l fry =y [l m oy -]

+0 ”Tx —Ty”
Forall x,y in C ,wherenon negative «, f,y,5 such that
0OLa+pB+y+6<1 with  Tx = Ty , If some positive integers r,s exixts
Suchthat E',F° & T are continuous .

Then E,F,T have unique common fixed point.
Proof :- we have
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E(H)CT(H) & F(H)CT(H)

ET=TE , FT=TF
It follows that :
E'(H)cT(H) & F(H)cT(H)

ET=TE" , FT=TF
By theorem (1) , there is a unique fixed point in C such that ,
u=Tu=Eu=F° i 2.1
i.e u isthe unique fixed pointof T,E" & F°
Now T(Eu)=E(Tu)=Eu=E(E'u)=E"(Eu) ... (2.2)
and T(Fu)=F(Tu)=Fu=F(F'u)=F"(Fu) ... (2.3)

Hence it follows that Eu is a common fixed pointof E" & T , similarly Fu is a common fixed point of
T & F° in X .Theuniquenessof u from

(2.1), (2.2) &(2.3),

Impliesthat : u=Eu=Fu=Tu

This complete the proof of the theorem .

Remark :-

(1 If r=s=1 the we gettheorem1.
................... D,

Theorem 3 :-
Let A,B,S & T be continuous self mappings of a closed subset C of a Hilbert Space H satisfying the
following condition :

3c, A(H)gT(H) & B(H)gT(H)
AS =SA , BT =TB
se,  [wxoy] = fsx-1yl o ¢~ Ay - oyl fsx - oy ry - e

Forall x,y in C with Tx = Ty , where non negative suchthat 0 < a + 8 <1 ;
Then A,B,S ,T have uniqgue common fixed pointin C .

Proof :- Let x, be an arbitrary point of C, since A(H )< T (H) we

can choose the point x, & y_ in C such that,
Ax, =Tx, =Y,
Also B(H )< S(H) ,wecanchoose the point x, & y, in C such that
Bx, = Sx, =y,
In general we can choose the points
TxX =AX,, = Y,, e (3.1)

2n+1

and SX = Bx

2n+2 2n+1 = y2n+l
Forall n=0,1,2,3,.......
Now consider ,

||y2n ~VYonu| T ||AX2n -Bx,,

From 3c,:

||AX2n - BX2n+1 <a ||SX2n 7TX2n+1 + ﬂmax |:||SX2n - AXZn '||TX2n+1 - BX2n+1 ‘||SX2n - BX2n+1

| Yo~ Yonu sa ||y2n—1 Yot ﬂmax |:||y2n - y2n—1||’ |y2n+1 - y2n—1||’||y2n ~Yonu ] """"

There arise three cases ,

WWW.ajer.org
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Case 1:- If we take max is ||y2n_1 -,,|l »then (3.3) gives,

[Vari= Vol = (@ + B) y2r - v,
Case 2 :- If we take max is | Yo — Yool » then (3.3) gives,
(24

I vl 5 b e

Case 3:- If we take max is | Yous = Yaus| - then (3.3) gives,
a+ p

b sl S v
From the above cases 1,2 ,3 we observe that ,
”)/ZM1 - Y, =a ”YZH — Yo
where q:maxr(a+,b’), a ’a+ﬂ1<1

[ 151 p

for n=12,3,........
Similarly we have ,

|y2n+1_ Yool = qn|y0 - Y
For every positive integer n, this means that ,

g: ||y2i+1 - y2i|| <®©
i=0

Thus the completeness of the space implies that the sequence {y | .

by (3.1) & (3.2) the sequence

{A"xo},{B"xo},{s"xo},{T”xo} also converges to the some points u respectively ;

Since A,B,S,T are continuous, this implies

TX,, ., =AX, =Yy, —>Uu as n — oo

Sx = Bx

2n+2 2n+1 = y2n+1 - u as n—

2015

converges to the some point u inC, so

The pair (A,S) and (B, T ) are weakly compatible which gives that, u is a common fixed pointof A, B, S

&T.
Uniqueness :-

Let as assume that w is another fixed pointof A, B, S & T different fromu , i.e.

Tu=Au=u & Sw =Bw =w
From 3c, we have,

o= wl< (e + ) u - w]
which contradiction .

Hence u isaunique common fixed pointof A,B,S,T in C.

This complete the proof of the theorem.
............. D S
Theorem 4 :-

Let E, F & T be for continuous self mappings of a closed subset C of a Hilbert Space H satisfying the

following condition
4 E(H)CT(H) & F(H)cT(H)
C1

ET =TE , FT =TF

2

{”Ex - Fy

4c,

+7 [rx - ex|lex-ryf+ s frx-Ty[ry - ey

b= exliry - ryl o= Fyfiry - ex]

u=w then
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Forall x,y in C ,where non negative «,s,y,5 suchthat O<a+pB+y+5<1, with

Tx = Ty then E,F, T have unique

common fixed point .
PROOF :-

Let x,e C ,Since E(H )< T (H) wecanchoose apoint x, € C ,

Suchthat Tx, = Ex, ,also F (H )< T (H ) ,wecanchoose x, e C such that

Tx, = Fx, .
In general we can choose the point :
Tx, ., =Ex,. . (4.1)
TX,, ., = FX, ., (4.2)
for every ne N
We have

2 2
||TX2n+1 _TX2n+z|| = ||EX2n - FX2n+1||

2
||EX2n - FX2n+1|| <a ||TX2n - Ex n””TX 1 FX2n+1||

+p ||TX2n - FX2n||||TX2n+1 - EX2n+1||

+}/ ||TX2n - EX2n||||EX2n _TX2n+1||
+5 ||TX2n - TX2n+1||||TX2n+1 - FX2n+1||
2
||TX2n+1 _TX2n+2|| <a ||TX2n _TX2n+1||||TX2n+1 _Tx2n+2||
+p ||TX2n _TX2n+2||||TX2n+1 _TX2n+1||
tr ”sz _TX2n+1||||TX2n+1 _TX2n+1||
+0 ||TX2n - TX2n+1||||TX2n+1 - TX2n+z ||
||TX2n+1 _TX2n+2|| < (0! + 5)||TX2n _TX2n+1||
For n=123,........
Whether ||Tx2n -Tx =0 or not
+1 2n+2

Similarly we have
Ty = T, < (@ + 6) X, — Tx,
For every positive integer n, this means that ,

2n+1

z LSS S s

The sequence {T "xo}nEN converges to some u by (4.1) & (4.2).

= XO}nEN and {F"x,| _ also converges to the some point respectively.

Since E, F, T are continuous ,this is a subsequence t of {T HXO}HEN such that ,
E[T(t)]> E(u)  T[E(t)]>T(u)

FIT(t)]—> F(u) L TIF()] > T (u)

By (4c,) we have ,
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E(u)=F(u)=T(u)

thus, T (Tu)=T(Eu)=E(Tu)=E(Eu)=E(Fu)=T(Fu)=F(Tu)=F(Eu)=F(Fu) ...

by 4c,, (4.3) & (4.4) we have
E(u)= F(Eu)

HEu—F (Eu)

“<afru-Euffr(Eu)-F (Eu)|
spfru-F ()|t (Bu)- Eu+ fru-Euf|Eu-T (EU))|
+é‘HTu -T (Eu)HHTu -F (Eu)H

HEu -F (Eu)”s 0

thus we get a contradiction .

Hence Eu=F(Eu) ... 4.5)
From (4.4) & (4.5) we have

Eu=F (Eu)=T(Eu)=E(Eu)

Hence Eu isacommon fixed pointof E,F&T.
Uniqueness :-

Let v is another fixed pointof E,F & T different fromthenby 1c, we have,
oI = flew - Felf
v evf s afro - eufre— el o fro - ey - o]
er[ru-euffeu-Tv]+ o fru-Tvfjre-ryf

Ju = vl 5 fu -],

Which is a contradiction.

Therefore u is unique fixed pointof E,F&T .
Hence Proved
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