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Abstract: In this paper we are finding the number of zeros of class of analytic functions, by considering more
general coefficient conditions. As special cases the extended results yield much simpler expressions for the
upper bounds of zeros of those of the existing results.
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I. INTRODUCTION
Let P(z)= X", a;z"' be a polynomial of degree n such that 0<a, <a; < a, < - < a, then all the
zeros of P(z) lie in |z|<1. Finding approximate zeros of a polynomial related to an analytic function is an
important and well-studied problem. To find the number of zeros of a polynomial related to an analytic function
has already been proved by Aziz and Mohamad [3], by extending Enestrom-Kakeya theorem [1-2].

Here we establish the following results which are more interesting.

Theorem 1. Let F(z) = Y7, a;z" % 0 be an analytic function in |z| < 1 such that
T
larg(a;) — Bl < a < E'i =0,1,2,..,n,.. for somereal §,a, # 0,

0<7t<1,k=20k;=0and
tlag IS |ag| < - S layz | S lam-alS kilam| 2 |amer | < lamiz | 2 lamss | < lamyal =
< lapz| 2 a1 klay|Z |apsi | 2 lapsz | = -
for some m,0 < m < n then the number of zeros of F(z) in|z| <r, 0<r<1
does not exceed

1 2 [E1 + |ag| + sina Y241 a;| + (kylap| + kla,)(1 + cosa + sina) — %T|a0|(1 + cosa — sina)]

1log )
log;
where E; = [(|am42| + [@maal + -+ + |an_al + lan_2]) = (|@msa| + [@masl + -+ lan_3| + |ay_1)]cosa —
[lan| + la,1(1 + sina).

laol

Corollary 1. Let F(z) = ¥, a;z" # 0 be an analytic function in |z| < 1 such that
s
larg(a;) — Bl < a < E'i =0,1,2,..,n,.. for somereal B,a, # 0 and
lag IS |a1] < - < am—z | < |am-1|S |am| 2 i1 | S lamiz | 2 lames | < lamya |l = -
< lan—2| Z lapl<Slanl= |an1 | 2 @z | = -
for some m,0 < m < n then the number of zeros of F(z) in |z| < % does not exceed

1 [Ez + sina 2i24] a;| + (Jay| + la,cosa + % |ao|(1 + sina — COS(X)]

1 l
T logz2%? EN

where E; = [(|amsz] + [@meal + -+ lan_sl + lan_z]) = (l@mer| + lapes| + -+ [ay_s] + [ay_1D]cosa.
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Remark 1. By takingt =k =k; =landr = % in theorem 1, then it reduces to Corollary 1.

Theorem 2. Let F(z) = Y7, a;z" # 0 be an analytic function in |z| < 1 such that
T
larg(a;)) =Bl < a < E'i =0,1,2,..,n,.. for somereal §,a, # 0,

k=>20,0<71<1,0<9 < 1land
klag|= lai| = - = |am—z | 2 |am-1]Z Tlap| < lam1 | 2 |amiz | < lamis | 2 lampa | < -
2 |an-2| < lap-1lZIlayl< |anss | Z lansz | Z lanss | = -
for some m,0 < m < n then the number of zeros of F(z) in|z| <r, 0<r <1
does not exceed

1 2 [E3 + %klaol(l + cosa + sina) — (tlay,| +9la,|)(1 + cosa — sina) + sina X.;2,| ail]

1log .

log;

where E3 = [(|ams1| + [amasl + -+ lan_s| + [an-1]) = (amqiz| + |@meal + -+ lan-al + |an_2)]cosa +
[lam| + la,|1(1 — sina).

|aol

Corollary 2. Let F(z) = Y2 ,a;z" # 0 be an analytic function in |z| < 1 such that
s
larg(a;)) — Bl < a < E,i =0,1,2,..,n,.. for somereal §,a, # 0,and

lag 1= lai| = 2 |am—z | 2 [am-1]Z |am| < |ams1 | 2 |z | < lapis | 2 [amia | < -
= |ap_z| < |ap_1|Zlapl< apiq | 2 lapia | 2 lagis | =
for some m,0 < m < n then the number of zeros of F(z) in|z| <r, 0<r<1
does not exceed

1 2 [E4 + % lagl(1 + cosa + sina) — (lay,| + lay|)cosa + sina 31i24| ail]

log
log% laol

where Ey = [(|ams1] + @izl + -+ |an_s| + lan_11) = (@mszl + [@mial + -+ |an_sl + |ay_,)]cosa.

Remark 2. Bytaking k =7 =19 =1 intheorem 2, then it reduces to Corollary 2.

1. Lemmas
Lemma 1. [4]: Let P(z) = ¥, a;z" # 0 be an analytic function in |z| < 1 such that

s
larg(a;)) — Bl < a < 7 la;_4] <la;| fori=012,..,n,..

then | a; —a;_4| < (lag|=lai_1])cosa + (la;|+|a;_1| )sina.

Lemma 2. [5]: If f(z) is regular f(0) # 0 and f(z) < M in|z| < 1, then the nuber of zeros of f(z)
in|z| <r,0<r < 1does not exceed %log M

log— laol

I11. Proofs of the Theorems
Proof of the Theorem 1.
Let F(z) = ap + a1z + a,z% + -+ apz™ + -+ a,z™ + -+ be an analytic function.
Let us consider the polynomial G(z) = (1 —z)F(z) so that

G@) = (1-z)(ap+a;z+az*+ -+ apz™+-+ apz" +-- )

=ay + Z(ai —a;_4) 7"
i=1

Now for |z| < 1, we have
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m-1

6@ < lagl +lag = 7a + a0 = @] + |y |+ Gy = ks + Kyt = s |

i=2
n-1

1 gy = Ky + Ky = @ |+ ) 0= @y |+ | @y = kay + kay =y |
ooi=m+2

+|an+1_kan+kan_an|+ Z |ai_ai—1|

i=n+2
m—1

< lagl + (1 = Dlagl + |rag — a4| + Z| a; — a;_q |+ 2(ky — Dlay| + 1k1ay — apoq | + | K1y — Qg |

i=2
n-1
+Z|az a;- 1|+2(k_1)|an|+|kan an1|+|kan an+1|+Z|al alll
i=m+2 i=n+2

By using lemma 1 we get

1G(@)] < lagl + (1 = Dlag| + (las|—7la,| Jcosa +1( las|+7lao| dsina + 2[ (ky = Dlaw| + (k — Dlayl]

m-1

+Z(|az - 1|)cosa+Z(|al|+|al 1) sina + (sl =l | Jeosa

+ (kllam|+|am 1l )sina + (kllaml |ams1l )cosa + (kilay|+|ameq] )sina
+ (lamsz| = lami1Dcosa + (lamz|+lamil )sina + (|apizl—lamss| Jcosa

+ (lamez+lamesl Isina + -+ + (lay_z|—lap_3| Jcosa + (|an_,|+|a,_3| )sina
+ (lap—z|=lan_1|)cosa + (|ay_z|+lay_1| )sina + (k |ay|—|a,,1] Jcosa

+ (k |ap|tlanq|)sina + (k |ag| ~lanss| Jeosa + (k |ag|+|anss | )sina

+ ) Ulaal—lai) cosa+ D (Jais] + ) sina

i=n+2 i=n+2

= lagl + (1 = Dlao| + (las|—7lao| Jcosa + (1|a1I+T|ao| Isina + 2[ (ky = Dlan| + (k — Dlayl]
m-

+ (ol = e Deosa + " (1 agl +lais] ) sina + (kylap|=lap ] deosa

i=2
+ Ckilaym|+lam_1])sina + (kilam|—lam41| Jcosa + Ckylam|+|am1] )sina
+ 2[(|am+2| + |am+4| + -t |an—4-| + |an—2|) - (lam+1| + |am+3| +t |an—3|

n-2

+ |a,_1)]cosa + | apmsq|sina + Z 2| a;| sina + | ap_4| sina + (k |ay|—|a,—1| )cosa
i=m+2
+ (k |ap|+lan-1])sina + (k lan|—lan.1 | Jcosa + (k |an]+an.| )sina + |an.q|cosa

+ ) (el +lagyl) sing
i=n+2

= 2|ay| — tlag|(1 + cosa — sina) + 2(k{|a,| + kla,|)(1 + cosa + sina) — 2[ |a,,| + |a,|]1(1 + sina)

+ 2sina Zl a;|

i=1
+ 2[(|am+2| + |am+4| + -+ |an—4| + |an—2|) - (lam+1| + |am+3| +t |an—3|
+ la,-1D]cosa

<2

1
E; + |ag| + sinaZl a;| + (kilay| + kla,)(1 + cosa + sina) — Erlaol(l + cosa — sina)l,

i=1
where E; = [(|amsz| + |@mial + -+ lan_gl + 1an_2]) — (amsal + lamez] + -+ lay_3| + a1 )]cosa —
[lam| + la,|]1(1 + sina)

Apply lemma 2 to G(z), we get then number of zeros of G(z) in |z| < r,0 < r < 1 does not exceed
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1 2 [E1 + |ao| + sina 24| a;| + (kqlay| + kla,|)(1 + cosa + sina) — —Tlaol(l + cosa — sma)]
log
log% |aol
where Ey = [(|amqz| + |amesl + -+ [an_al + lan_2]) = (@met| + [@masl + -+ |an_s| + |lan_1D]cosa —
[laml + la,|]1(1 + sina)

All the number of zeros of F(z)in|z| <r,0<r <1is also equal to the number of zeros of G(z) in |z| <
r0<r<l1.

This completes the proof of theorem 1.

Proof of the Theorem 2.
LetF(z) = ag + a;z + a,z% + -+ a,,z™ + -+ a,z" + --- be an analytic function.
Let us consider the polynomial G(z) = (1 —z)F(z) so that
G(z) = (1—-2z)(ap +ayz + ao%z2 + oot apz™ 4+ apgzt + )

=ay + Z(ai_ai—l)zi

Now for |z| < 1, we have
m—1

G < laol + lag — kag + kag = ay| + =@y |+ | ap = Ty + T = Gy |
i=2
n-1
+|am+1_Tam+Tam_am|+ z Iai_ai—1|+|an_19an+19an_an—1|
i=m+2
[oe)
s = 0y + 0 — @y |+ D g —ar |
i=n+2
m-—1
< laol + k= Dlao| + Ikay = a1 + D @ = @y |+ 200 = Dltm] + 7 = Gy |+ 7 = s |
i=2
n-1
£ la=aiy | +20 = Dlay] + 19y = @y |+ 19, =y | + Z - |
i=m+2 i=n+2

By using lemma 1 we get

IG@)| < laol + (k — Dlaol + (klaol—las| Jcosa + (klag|+la; | )sina + 2[ (1 — Dlan| + (1 —9)la,l]

m—1 m-1

+Z(|az - lay |)cosa+2(|al i+ Ll ) sina + (gl -tla| eosa

+ ( |am 1|+T|am| )Slna + ( |am+1| Tlaml )COS(X + ( |am 1|+T|am| )Slna

+ (lams1| — lamszDcosa + (lamer|+lamsz| Isina + (|apizl—lamyq| Icosa

+ (lamsslHamezl )sina + -+ + (la,—sl—|a, ;| Jcosa + (la,—sl+|a,—,| )sina
+ (lan-1l—lan-zl)cosa + (lan_1|+lan_z| )sina + (lan_11-9a,| )cosa

+ (lan-al+dlan| )sina + Clanss | =Ilan| eosa + (lansi+dlan| )sina

+ ) Uaial =l cosa+ Y (lail +lais]) sina

i=n+2 i=n+2
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= |ao| + (k — Dlaol + (klagl—la4| )Ceia’ + (klagl+la.)sina +2[ (1 — D) |a,| + (1 —9)|a,l]

+ (lay] = lag-sDeosa + Y ([a] +lais]) sina + (1ap|~tlay] eosa

=2
+ (lam-1|+7lan|)sina + (lapil—7lan| Jcosa + (|ay-11+7la,| )sina
+ 2[(|am+1| + |am+3| +eet |an—3| + |an—1|)

n-2

= Uamral + |l + -+ ans] + lay 2 D]cosa + | @ lsina + )" 2] ] sina

i=m+2
+ | ap_1| sina + (la,_1|—9ay,| )cosa + (a!an_1|+19|an| )sina + (|apsq|—9a,| )cosa

+ (s +9laq) )sing + lapslcosa + ) (@il +laa|) sina

i=n+2

= klay|(1 + cosa + sina) — 2(t|a,,| + 9|a,|)(1 + cosa — sina) + 2[ |a,,| + |a,|](1 — sina)
+ 2[(amsr] + lamas| + -+ lap_sz| + lan_1]

[oe]

= (sl + 1amas] + -+ lan_a] + la_oD]cosa + 2sina ) | ai
i=1

1 (o)
<2|E;+ Eklaol(l + cosa + sina) — (t|a,,| +9a,)(1 + cosa — sina) + sinaZI aill.
i=1

where E; = [|ay,| + la,|](1 — sina)
Hlamsrl + lamesl + -+ lap_zl + lan_1]) — (Uamsz| + |amial + -+ lay_sl + lan_z)]cosa.

Apply lemma 2 to G(z), we get then number of zeros of G(z) in [z| < 7,0 < r < 1 does not exceed

1 l 2 [E3 + %klaol(l + cosa + sina) — (t|ay| + I9|a,|)(1 + cosa — sina) + sina },;2,| ail]

log% og :
where E; = [ |ay| + |a,|1(1 — sina)
Hamal + lamasl + -+ lan_s| + [an-11) = (l@ms2| + |@meal + -+ lan-al + lan_2])]cosa.

laol

All the number of zeros of F(z)in|z| <7,0<r <1is also equal to the number of zeros of G(z) in |z| <
ro<r<l1

This completes the proof of theorem 2.
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