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Abstract: - We have assumed in this paper that demand follows a normal distribution, and lead times follow a
gamma distribution and backorder costs is quadratic.

The (M, T) Model an order is made to bring it to M at review time. The model is derived from the (nQ,R,T)
model which at review time an integral multiple Q is ordered. After deriving the inventory costs for (nQ, R,T)
we set Q 0 to obtain the (M, T) inventory costs by making use of the differentiation of the (nQ,R,T) model.

The (M,T) inventory costs for constant lead times is then averaged over the states of the lead times. Extensive
use is made of the Bessel functions of imaginary argument. —>

Keywords: - Continuous lead times, gamma distribution, normal distribution, quadratic backorder costs, Bessel
function, inventory costs.

l. INTRODUCTION
In deriving the (M,T) model in which an order is placed to bring inventory level to M, we make use of the
(nQ,r,T) model in which the quantity ordered at review time is an integral multiple of Q, nQ n = 1,2,3..., We
have derive the inventory costs for (nQ,R,T) and take the limit. Q O and setting R=M to obtain the (M,T)
inventory costs.
Wg treating the backorder costs (Cg(t) as quadratic for the length of time t, of the backorder Cy(t) = by + b, t +
bst”.
The dead time is assumed to follow a gamma distribution.
After deriving the inventory costs for (M, T) model with constant lead times, when then average the inventory
costs order the states of the lead times.

1. LITERATURE REVIEW

Pektria (2012) used annual costs to derive an expression for the EOQ using price dependent demand in
quadratic form. Bertsimas (1). in his paper “Probabilistic service level Guarantee in makes-to stock, considered
both linear and quadratic inventory costs and backorder costs”.
Nasir, Packnejad, and Afficoo (2012)., utilized EOQ model with non-linear holding cost.
Hadley and Whitin® extensively developed the model (M,T) for constant lead time and linear backorder costs.
Zipkin (2006) treats both fixed and random lead times and examines both stationary and limiting distributions
under different assumptions.

(nQ,R,T) Model, Quadratic Backorder Costs
Cg(t) is the backorder cost (nQ,R,T) stands for the model in which at review time, the inventory position or the
amount on hand plus on order at review time is less than or equal to R and the quantity ordered is a multiple of
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Q. demand D follows a normal distribution at lead time, C(t) the expected backorder costs where t is the length
of time of a backorder is given by Cg(t) = by + b, t + bst?. Demand distribution is

7,

g(u, o )= m/— p——(f] 0

If the inventory position of the system is R + Y immediately after the review at time t, then the expected
backorder costs at time t + L.

:_J- J- J-tCﬂ(t [R-’_\/Y_;DZJdZdtdy

Similarly the expected backorder costsattimet + L+T

_ % o] " [c,a- z)g(%}dzdtdy
(o2

Noting that Cy(t)= by + b, t + b3t2

Which gives ——J. J. _[ 1+b (t=2)+b (t—Z))g(R+Y _ Dzjdzdtdy

Vot Vot

1 ¢Q _ pL+T gt bl+b2(t—2) +b3(t—Z) ) (R+Y —DZJ
d —| D dzdtd
S L U KRR

Integrating the b, factor first and simplifying we have
b, LD 1+(R— DLJZ F(R— DL]_(R— Dng(R— DLJ
2DQ VoL Vol Vol Vol

b, LD 1{R+Q—DLJ2 F(R+Q—LJ_R(R+Q—LJ9(R+Q—LJ
2DQ Vol Vol VoL VoL

Integrating the b, factor and simplifying we have

b,(D?’L* &R DL* oR®* o1? LR* R® o° R-DL

— — — — + + - F

Q 6 6D* 2 4D? 4 2 6D 8D* JoilL

+b_2(H(DL3_E+R_2+ ol oR_ o Jg(R—DLB

Q 6 3 6D 12D 4D* 4D° JolL
. o’ esp(ZDRjF R+ DL

8D"Q o VoL
Integrating the b factor and simplifying we have

b,D(R‘L® 02R3 cR? oR oo LR L¥*R? RL® L’¢? R® L LD)_(R-DL
5T one T s T me Tant 7 T B + 2 T F
Q (12D® 6D* 4D° 4D°® 8D’ 2D 2D 3 3D 3D? 12 Jod

4 2 2 3 3 2 6
2\/—[R DL][GZRL+0_1_RL_02L LR L R oR +04R+0']

N 24D 24D* 8D 8D 8D 24 24D° 12D° 8D° 8D°

—la—gbiexp(ZDRjF R+ DL
8D° Q o’ Joil

Putting the factors together we have the inventory costs C excluding the costs dependent in stockouts only
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C:&+ S.Pout.+hC[Q DTJ

~41R-DL-—
2

T T 2

+Qb—_1_(Gl(R1T +L)-G,(R,L)-G,(R+Q,T +L)+G,(R,L) ]

hc +b,

QT

+g—_i’_(Ga(RlT +L)-G,;(R,L) -G,(R+Q,T +L)+G,(R+Q,L)

+ G,(RT +L)-G,(R,L)-G,(R+Q,T+L)+G,(R+Q,T +L)+G,(R+Q,L)

+QiT(GOl(R1T +L)=G,,(R,L)-G,,(R+Q,T +L)+G,(R+Q,L)).ccvverr...e. @

WhereGl(R’L):i 1.[R=DT ;| [R-DT} (R-DT g R-DT )
e )

G,(RT)= DT’ oR DTR o7R’ +0'2T2 +TR2 o R £ R-DT
o 6 4D° 2 4D* 4 2 8D 6D) ( JoT
. DTSIZG_O-TS/Z _O_TI/ZRZ _O_3T3/2 +O_3T1/2R
6 3 6D 12D 4D?
o TY? R-DT o® 2DR R+DT
+ 1D g \/O'_ZT +8D4 esp 2 F \/O'_ZT .................. 4)
From

G3(R1T) =D

R* oR* oR? oR* oR ¢t

+ + + + +

12D°  6D* 4D° 4D? 4D° 8D’

_(O'ZRZ TR R T® R T4DJF[R—DTJ
No T

—+ o+
2D 2D 3 3D 3D 12

_2\/0__2.|_D[02RT T RT o JQ{R—DTJ

+ +
24D® 24D°® 8D* 8D° [T
10° esp[ZDRJF R-DT (5)
8 D2 O'Z \/0__21- ....................
(R-DT)Y  oR  o* R—-DT
G4(R'T)—[ °D +2D2 +4D3 F =

NooT c?> R)[(R-DT o’ R+ DT 2DR
H =T -———-=19 — s F esp >
2 D D No T 4D No T o
Model (M, T) Continuous Lead Time and Quadratic backorder costs
We will derive model (M, T) for the quadractic costs from the (nQ, R, T) model derived above by taking its

limitQ  0andsetting R to M,
Differentiating with respect to R the costs

3G, (RT) _ [ = R+DT | R+DT ||
R { o-(T+L)g( —a}rJ (R DT)F( — D 7
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and we set Gs (R,T) such that differentiation is
=-G,(RT+L)

Similarly
LimQ —§
R+Q,L
G{ QQ Jz—GlZ(R,TL) ..................... ®)
Where Gg (R, T) =
c*+2D*T? (c“2D*T2) R2\_(R+DT) 1( .5, oT¥2 TYR
[ o 'R 2D +2D]F[ N }LZ[GT D? D j
g(R+DT]_ o esp(ZDRjF{RJrDTJ o
=l — =
Similarly
Lim G Mz—GB(R,L) ................... (10)
s Q
Q—¥

Where G35 (R, T) =
R® oR? oR o 7T TM T® R7T R+ DT
-D + + — + F -
\NO

+
3D® 2D* 2D° 4D°® 2D? D 3 D?
D [R+ DTJ(—Z ocRT2 o3 N oRT a“RTj

+ — +

Joor J Jor A3 D? 3p* 3D® 2D°
+a‘*r2+80f’r2 +esp[2DRjF R+DT )| o° an

TE o5 — T JapE
Similarly
LimQ —#® G4M=_RO(R,L) ..................... (12)

Q
R o2 R+DT

Where R, (R, T)=|T ——— F

werarn={T- 5

/ 2 2
+0—}resp—1 R+DT 24 Gzesp ZDZ F M+ OT | (13)

Dv2r 2\ Jo'r 2D o No T

The cost equations for model (M, T) excluding the cost of stockouts dependent only on the number of stockouts

c RS, hc(M DL —%)+%(%(M T +L))
(b?+hc) b,
—C.(M, L)) + T (G,(M, T +L)-G,(M, L+?(G7(M,T +L)-G,(M,L)).. (@a)
Let
G,(R) :jo”’ H(L)G (R LA oo (15)
G, (R) :jo‘” H(L)G (R, L)AL oo, (16)
G,(R)= jo”’ H(L)G, (R, L)AL oo, (17)
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G,(R) :jo"’ H(L)G(RT + L)AL oo (18)
G, (R) :j: H(L)G (R, T + L)AL oo, (19)
G,(R) :j: H(L)G, (R, T + L)AL oo (20)
From equation (7)
G.(M,L) :\/a_ng(m\/}:_L]— (M — DL)F(M\/;T'ELJ ..................... @1
Multiplying by H(L) where H (L) = & exptL™

)()

k
Hence H (L)G,,(M, L) =M{Lk“2g[m — D"J - (MLk-l—DLk)F[m — DLH (22

) Vo Joi

Noting that from

Dx
. x-DL) 1 a (02] x? )
dl — 1/2(k-1/2)
IO H(L)g( JolL j\/o-zl_ o277 esP ) (K) {2(205 +0'2+D2j }

K (iz(zaazmzj“z}
k-1/2\ O

If K is an integer then
ok + j-1) r
K.,,(Z)=K Z —(2Z)
@) =Ko @ 50 )
\/; -t

Where K} (Z): E(Z) 2 exp(— Z)

HenceK \/_z k+J 1))(22)j;exp(—2)

Where KV (2«/ ) denotes Bessel function of imaginary argument.

Letting @°= 2 °+D?
From equation

“H(L)F X_DLJdL
bHo [H

Sp(Dﬁji (k=1 [ZD( jk vy (x_aﬂ
O'\/_ T _1a(k—z)|L o\ o

+ ZX(—ij“ ’K (X—fj .............. (24)
0 k-z+1/2\ O

Applying (23) and (24)
GS(M):I: H(L)G,,(M, L)dL
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0 o

Gy(M) = o HMJKMK [—Mfﬂ

Vor

DM
a"oesp(zj ) Mo
—11I 7
% JIm Z (zk 1_). 2D(Mjk”1/2 K (_ij +2M Mjk“uz Kk-z41/2 [02 j
20+/21) (k) s a‘(k-z)! 0 k1/2\ O 0

)

+. m 2
DiL[Z D(Mjk_HS/z Kk-z41/2 [ o’ j+2M (mjk_”llz K k=z+1/2 (U } }
o' (k+1-12)! 0 0

From equation (9)
4 2 2 2 _
GuM, )= -Z+ P2y Mooy M G- DL
4D?® 2D

2 2D° =
+1 O_L3/2_O-3L1/3 ~ L1/2M M _ DL
2 D’ D Joil
o’es DM
Pl 52 ZF(M 4 DLJ 06
4D* VoL
Simplifying

ot o M? DL? m+ DL
Ges (M,L)= + + - ML+ F
e e R =
+£_L1/2 O'_3+O'M +0L3/29M+DL
2 D> D Jol
~ o’ esp(ZDM jF M + DL o
o — T

a* exp—al

)(©)

Multiplying by H (L) =

Hence
esp(-al)a* |( o o©o*M M?
H(L)G,,(M, L) = N N
( ) 12( ) (k) 4D3 2D2 2D
Uiy, DL F[m + DLJ 1a" exp(-al)
VoL 2 K

o’ oM k+1/2 M + DL
—+—|L —ol*"
KDZ DJ Vot

A esp(ijF m + DL esp (—aL)L*a*
4D’ *) VoL )(K)

o
Noting that
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G x+ DL
H(L)F( ( jdL
MO
a1 & (k-D) (k) %)
O — K —2+1 °
ZO-W \/_;a (kZ)'[ 0 k—2+1/2

x 8
+ ZX(EJK_Z_UZ Kkoz1/2 07 7 (29)

Where @ =2aoc’*+D?
Hence

[ H(L)G., (M, L)L applying (23), (24) (29)

We have
akesp(DMj ( )
2 YoM M2 (k-1) M e o
G M — (o3 o o} ZD[_jk Z+l/2K - o
(M) 2027) (k) [(403 "o ZDJ;aZ(k—z)![ 0 e
Mo K+l
Z(MJK_ZH/ZKKZ+1/2[UZJ—MZ K!

0 z:]_az(K +1—Z)I

k—2+3/2 Mo Mo
(2 D(%) Kk-z43/2 ( 7 )+2|\/| [%)kzﬂm Kk-z+1/2 (62 )J
DZ  (k+1)! M (%)
D —)I ZD(—ijS/Z Kioyes/z '@

Zzzlaz(k-l-Z—Z 0

a"esp[ZM )

m$

+ 2M (Mjkz+3/2 K k-z45/2 (?j_—o-z
0 227) (K)

I:Z(g—z + %j(%j K2R 12 [:f]_o_[%jms/z Kkiai2 [:f)]

ik (DMJ
oa‘esp

{Zk: o 1)|}
«/ 74D%20)(k) | = o’ (k- 2)!

£2M (MJKHW Kk z:1/2 [gj_z D(M)k”“z K k_z41/2 (%) J ......................... (30)
0 0

Simplifying G5 (M, L) equation (3)
We have

M® oM? o o®
G,M,L)=-D + + +
w(M.L) KBDS 2D*  2D°  4D°
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., D [M-DL O'ZIVI2+O'4M L1/2
Jor A JorL ) 3p® 2D

8/2 4 502
80' 80" w2y _20'2|\2/| Lo +O'2|_
D 3D 6D 3D

N o esp(ZDM) M + DL G
10° T

Hence H(L)

k 3 2 6
H(L)G, (M, 1) = 2 EPED) K A ﬂ
& |l3D° 2D° 2D° 4D

M 2L k+1 M o2 k2

D 2D?

M - DL 1 M-DL)oeM? o™M) 1>
—g + L
JorL s Joi 3p* 2D*
6 k+1/2 4
+80- Lk—1/2+L (o} _EO-ZI\ZA
D® 6D® 3 D
2 - k 6
L O 3 ]ESP( al)a L9 : esp(ZDi\A}
3D (k) 4D o

o *esp(—al)L*? F(R + DLJ

(k) Joi

Hence integrating

GlG(M)—jH(L)Gls(M L)dL applying (23) (24) and (29)

J M’ O-zMs + oM + o
3D° ' 2D° | 4D  4D°
. Mo
Zk: (k — 1) jk w2y z—l/2[ Sj+2M[Mk21’2Kkzl/2["2]]
= a*(k - 2)! ¢
Mo
M Z 2D(Mjkz+3/2 K k_z+3/2+2M (Mjkﬁl/Z K Kez41/2 [0'2 )
“ o (k+1 2)! 0 D
Mo
N M_ 0_2 kiz (k +1)| ZD(MijS/ZKkHS/Z(JZJ
D 2D? )& a‘(k+2-2)! o

We have

(l
GlG(M) 2_

e 2
s
oo
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M Moy o 13 (k+ )
2M kz+3/2K - _ -
" (ej usel 7)) 3;az(k+3—z)!

o Mo
+ ZD[%jk_z+7/2 Ki-z47/2 ["z ]+2M (%jk_HS/Z K-z45/2 [02 )
esp %
o2 ) a cM? oM 8o° k+1/2
+ g * N
V2ot )|\ 307 " 2D* " D° 0

, ) Mo

Kk+l/2[ 2LZ( 7 ZO-ZM j( 7 jk+3/2K 3/2[ 2]

6D3 3D?

Bls) el
eSp([:,hz/lj CL [ D (M
Ny f\/_{;a(k-z)'k ( j ﬂ

w
+2M (%)““ 2 Ki-zaz ("2 ] ........................................................... 33)

Using equation (3)

—+

GlG(M,L+T)=o-(L+T)1’Zg(M D("”)] M —DT)-DL]
o (L+T)
M —D(L+T)
F | e | e
[ Joi(L+T) ] o9

Multiplying by H(L)

H(L)G.(M,L+T)=

caesp(—al)L* (L +T)Y2 (M _D(L +T)]

V27)(K) Joi(L+T)

k
_a'eplal)iy _pry e p | MDLHD | (35)
(k) Jo(L+T)
Hence applying (23), (24) and (29)

Let
Gu(M,T)=[" H(L)G,—(M,L+T)dL

k-1 k — _ Mo
il 2 S [ {5 )

DM
ot [O‘T"' 2}“

k-1ydd (k-1 )
T2ov2r K ,o(T)[ jZ a'k—j-2)!
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(2 D[%}kizﬂ/z Kk jzs1/2 [¥j—2M (%)killm Kk jz1/2 (’:f)]

P e (A S (S9)! M rars
(M - DT) D%(T)&jzh#w+k_ (z{ej

z=1 - Z)I
Kk-j- z+3/z('v|9]+2|\/|('\6’/I Jk ’“4/2Kk1z+1/2(’:26J]

Subsisting L+T for L and simplifying
From equation (31)

M?® oM? oM ¢®° MT
G,M,L+T)= + + + —
al ) Ksm 2D*  2D° 4D° D? H

e (55
=\ D 2D’
_li[)ﬂ_g, (M—DL}rlg M - DL

3T\ JolL o | JoL+T)

Kawngﬁ\ﬂ 8" H(L Ty
3D 2D D®

! 2 ZIVI 3/2 22 2 iy 2-i
+(6OI-D3 - §D2 J(I’+L) +o(L+T) Z ( JTL }

N o esp[ZDM jF M + DL o7
10° — T

Multiplying by H(L) we have
k _ 3 2 6
H(L)G,M,L+T)=-% “spiat) [[?%3 +Z 4 oM A }FJL“

(k) 2D* 2D° 4D° D?
MZLk 2 . _
+ ILk+—I
ey

M o 1&(3Y) . iz M — DL
(E‘EJ‘EE(J” H e

+a_kesp (_aL)(L +T)1/29(M + D(L+T)JH‘72M2 + oM +806j
(o2

)() JoiL+T) JL3D° 2D*  D°
T 20MT 1 (o' 20
+gD3_ <3)-D2 L J{O- -2 ij

6D°® 3D?

2 k —1+1 O'6 (ZDMJ
+ es|
“ ;):('j.r ] 4D°® g o2

2014
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a*esp(—al)L** F[M + DLJ

(k) Joi

Applying (23, (24, (25)
Gy(M,T)=["H(L)G,(M,L+T)

kes(T+—DM)
@ espla o M3+0'2|\/|2+0'4M+0'6_M2T
Np) TZJ 3D° 2D* 2D° 4D°® D?

1k -1 Ve (k -1- Z) M k—j-z+1/2
Z( j za 2(k — )![ D(gj )

Kk-j- z+1/2[M9]+2|VI(I\; jk J'_H/ZKk—j—z—uz[N‘lfj

+|\[/I)—ji(kj(—'r) k+zl—:j : (k—j). (ZD[MJKjHB/ZKkj“s’Z(GZJJ

J = a“(k+1-j-2)! 0

Mé
+2M (Mjk—j—z—l/ZK K joz1/2 (0-2 ]
0

M o’ ‘& k+1-
+—— T

(5 g Bl g <5

K+2+i—j _ Mo
+ z (2k+1 2- J) ZD( jk I z+5IZKk j— z+5/2( ZJ

~ ¥ k+2-1-12)! 0

+2M(Mjka+3/2K (ng
0 k-h-z+3/2 o’

= @T S ( HZT? r2-1-))

= o' (k+3-i-2)!

Mé
ZD(Mjk—j—ZJJ/ZK (MfJ ZM(M )k j_z+5/2Kk—j—Z+5/2[02j
0 k-j-z+7/2\ O 0

+esp[ DI\Z/Ijak [i(_)(k_lJ(M3+aﬁw2+aﬁw+az M7
(o}

(k) 3D®  2D* 2D° 4D° D?

m3
UZM o’ _M}F_ZM SET (?J
B A e e

o' 20M & iKY M \iar
+2(6D3 ~ 3D? JZ“T’ U(?)

Kk j+3/2[M9)+20 Z( T)( i+1j

j-0

2014
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a"esp(DM Hﬂj
o '\Lf 6 2 k-1(k —1 )
(%jk_l_l+5/2|<k—i—j+5/2[a J + o o ( J(—T)J

4D° WZG«/ 2 =0
Mo

<l (k—1-j)! - 2 - :
Z(ZK;J) _ZD(MijZ+1/2Kij+l/2(O- ] +2M(MijleszjZl/2[o— ]
ma‘(k-j—2)! 0 17

From equation (27) substituting L+T for L

4 2 2
Glz(M1L+T)={ o oM M —TMJ—LM +%Z@)TZL“F(_M ‘D(L+T)}

aD° 207 | 2D ~ [o¥(L+T)
AT [_(0_3+ﬂ_ng{M - D(Lmﬂ

2 D* D Jo? (L+T)
o esp(ZDM jF M + D(L+T) 0
15 = T

Multiplying by H(L) we have

o' oM M?
H(L)G,(ML+T)= + + ~-T™M |- L**!
( ) 12( 1 ) |:(4D3 2D2 2D j :|

_Lk+2izT2Lk+llF(M - D(T + L)}
2

2=0 { \IO'Z(T +L)

3
sy - ‘7—2+ﬂ— T L + oLk
2 D2 D

MD(T +L)) o' « esp(-al) (2D|v|j M + DL
- Fl = | e
(azcrﬂ)j P SR T St e Joi )
Let G,,(M,T) =j:’ H(L)G , (M, T + L)AL and ..ovoeveoeeeeeeeeeeee 42)
Applying (23) (21) and (29)
We have
) DM
o T):a exp(aT + 2 ) (0_4 +0'2|VI X M 2 —TMJ
A V2z)(k)W2zr [l4D° 2D* D
k-1 VK O\k=i (k—1- j)!
en [y e
e ] ;az(k—J—Z)!

(ZD(%jk]ZHIZK - (¥j+2M [%jkizlm K iz (N;)JJ

M3 S SR

~ gk +1-j—2)!
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Mé M@ +
ZD(%jijUZK - (7]+2M [%jkizl/z K joz1/2 (7] D Z( kzlf( -T)!

2 i=0
k+1-2 k+§_j (k+1-z—j)! ZD[ jk j—2-245/2
J - Olz(k+2—l—j)! o

M ¥
k—j-z-243/2}¢ 2
Ky i zns2t2M (;) Kk-j-z-2+312 "7

aesp(aT D|\2A &
220 A5y (7))
mk arzg, 1,2(“”%2( T),[ j(%)KU

o akeSp(OlT‘i‘ )kl k —1)k2 (k—l— J)'
o Ty 2" ( JZ#-_.
) =0 j o (k—j-2)!

Mo Mo
—ZD[I\;jk P2y o z+1/2( j+2|\/|(|\(;I jkauzl(kau/z["zJ .................. (43)

Hence averaging than inventory cost of (M, T) over the states of L from equation (14) excluding the stockout
cost

Rc +s Dk DT b
c- h[m ————] (6, (M. T) 6L, (M)
o 2 T
hc +b b
+( - 2)(GIB(M,T)_Gls(M))"'?s(Glg(M1T)_616(M)) ........................... 44)
. IMPACT OF STUDY

The study will enable industries, or organizations with thousands of items in their warehouses in
different locations to express their backorder costs more accurately in non linear formulations. This would give
more realistic inventory costs for holding items in various locations of the world.
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