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Abstract:-I n this paper we consider a non polynomial spli
that it interpolated u(x) in points of grid. By using this function we solve the Laplace equation with nonlocal and

derivative boundary conditions. The method is applied in this paper is a implicit method. We know superiority

of implicit methods is stability of them, because most of them are unconditionally stable.
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. INTRODUCTION

The Laplace equation is a elliptic equation that occur in many branches of applied mathematics. In this paper we
24 2
consider the Laplace equation TT—(; + ;?o = 0 with the following initial-boundary conditions

0, 1,0 = QW 0< W< ® 1)
L0 QOMW=a ®  0< @< @)
6 @0 = "Q 0< < & 3)

Where "Qm , @) and & («) are known, while the function 6(& ) is to be determined, the boundary
value problem arises in a large variety of applications in engineering, physics and other science. Study in this
filed is very important. You can see some methods for solve of these problems [3, 4, 5]. In many problems
boundary conditions are as integral equations. These problems are a kind of nonlocal problems and have
important applications in other branches of pure and applied science [6, 7, 8, 9]. In this paper we want to solve a
type of nonlocal problem by using a non polynomial spline function. Rashidinia and Jalilian used a non
polynomial spline function to smooth the approximate solution of the second order boundary value problems
[2]. In addition they used quintic non polynomial spline functions to develop numerical methods for
approximation to the solution of a system of fourth order boundary value problems associated with obstacle,
unilateral and contact problems [1].

1. THE PRESENTATION NON POLYNOMIAL SPLINE FUNCTIONS
Note that grid points P are given by G, ‘@ 0,1,8 ,& & "@AELI
0={Oh=@<q<E<a=a
Where = 60+ ‘@ " 0,1,8 ,& GEQ0= (0 )/ &.
Consider non polynomial function "Yj(¢) ¥ 62[3¢fsuch that depend on @@inamet er
grid points. When t © 0 this function is converted to ordinary cubic spline in [a,b].
For all subinterval Gp0gq , '@ 0,1,8 ,& 1 non polynomial function "Yj(c) is defined as follow
" ® = Gt Gp® o+ @sint & Gp+ Qgost @ @ * 01,8, 1
(4)
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Where (350,0and' Q,ar e constant number s, Ogstabsidared ds sappeoxinmtiot i nar y p
0(Gxy where is got by spline function that pass through points (Gxz0-9 and (Gg1,01)-

Now we obtain necessary conditions to presentation coefficients in E.q. (4). First must function "Yj(¢) satisfies

in interpolation conditions in points apand Gy, 1, Namely "Y} 6y = 0-gand Y G = Oq,. We know that the

first derivative of function Spis continued in common points Gpand G, With 0 -qand 0 -g, respectively.

Namely "Yr(cg = 0 -gand’ Yn(w@l) = 0 1. ItfoIIows from E.q. (4) that

(")Q_ OQ+ T2 ,§2Q: Tz (5)
Sincei Gg; = Oqy and i"(0g1) = 0-g1 We obtain
Gm SBLERL 2R100 Qo DER—SEL o2 ¢ 1 (6)

where — 1'QNoting that “Y¥e1(ca , hence we have

Gop+ Tohcost @ Gy TQuisint @ Gn; = Gd@gost @ Gy TQsint @ 6y
()
substituting E.qg.s (5) and (6) into E.q. (7) by simplifying implies that

2 . 1, L
— —€sCc— 1 0 g +—1 —eot—0- gt — —€sc— 1 01 = E[O"@l 20+ 001]

Finally, byletting| = é —sc— land T = 3(1 —eot—} we obtain
| D@1+ 2 Ogr| U1 = ;5(0a1 200t Oq1) ©))
if O 0 then —© 0, therefore
. —€esc— 1 1 .. 1 —eoth— 1
L S P=lin——s—=3

Thus | ] © (%é),and (8) changed into ordinary cubic spline

3 Uy +40gt Ugy = 0q1 20qH Oq,

1. FINIT DIFFERENCE SCHEME FOR LAPLACE EQUATION )
Cover the domain 0,1 x [0,D] by Yo% Y+, where Y= G§oo= @ 01,80 and Yrp=
{odoa= @ = 0 12,8 } In which N is a positive integer and h is step size in space.
The notations 0., 2and 0. ‘Q Zare used for the finite difference approximations of 0(wpu) and i"(Gpuy,
respectively. We apprOX|mate the derivative Oy in Laplace equation by

.Q .01
q_ oQ 20.5+ 04

CAES 3
And the denivative of space u ., by non polimom:al cubic spline function., Therefore the finite difference scheme
for Laplace eguation is as follows:
S ™ —2u] +ul ) =0 )
from (8) and (9) we hav .
eulll +28ul™ +aul’l = Ca —r3ul,, + @F + 2r*ul + Ca —r¥ud_,
—:ce:r::_:; 28u] i au':_-:;] (10

and r=&/ previously parameters & and £ are defined.
Differentiating E.q. (2) with respect to » and then vsing Laplace equation, we have condition:
(0.3 = g3 +m"{y) Q=y =<V (11}
We approximate u, at x=0 and =N by a central difference formula. Then the boundary conditions can be
represented by

My — U_4 I Upr, g — Wy
—— = uj —_—— = uy;
2h - 2h -

u'i_: atud ui._: are unknown that they obtain by bouvndary conditions Eg. (1) and (11). By vsing these eguations,

linear system of equations is as follows

{ 28 — 2ah 2a

[ a 28

{ -
where a = (45 + 2% ) — 2028 — »F I . 7
Auitr = gof ¢ cwf-2 12
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where A, Band C are as displayed, "Y21 is a vector of unknown values and "Y2and Y21 are vector of
known values. The finite difference approximation of a Laplace equation needs three space-levels. For solve the
first set of equation for O+ it is necessary to calculate a solution along the first space-level by some other
method, it being assumed that the initial data along y=0 are known.
We get different methods for solve Laplace equation by suitable choosing parameters Uand b. With condition
0 | 1 thematrix Ais a diagonally dominate matrix. Therefore from E.q. (12) we get

Yel= 5 187Y+ § 157YR1L

Error, stability and compatibility conditions are presented in the next section.

V. STABILITY AND COMPATIBILITY OF METHOD AND ERROR
We let the solution of E.q. (10) in point (apua) is as follows
0o= , X 1— (13)
dis real and 3-is complex. By using (10) and (13) we get
2| cos—T ,2 2 2 i? cos— 2 +1i2 ,+2| cos—f =0

by putting 6 = 2(| cos—+1)and6 =2[ 2 12 cos— 2 +i2 ] we obtain

0,2 6,+0=0 (14)
we assume that the roots of E.q. (14) are ,, and, , , therefore , ;., , = 1. We have two states:
1) 1] 1,2l 2thus|,q| = 2/|,5]s0818<1,]|,1|> 1 (or|,4] > 1,],,] < 1) therefore in this case
our scheme is not stable.
2) [,1] = §,8= 1, in this case cos—= 0 so —= 0,2",8. We know —= 0 is not acceptable, hence we
admit — 2.

For study of error and compatibility, we let 'O, = TT— and Q; = TT— Then by Taylors expansion of terms in E.q.
(10) we obtain

2| +1 TR+ % | +1 O+ ﬁz | +1 1R+ TCRRE+ 120+ % 212 4 OO+
& ! !

Thus by suitable choosing of parameters Uand b we obtain different error. In addition our difference scheme is
compatible for Laplace equation.

V. CONCLUSIONS
Our purpose in this article is solving partial differential equation. We presented an explicit method for solving
this equation, and we considered necessary conditions for stability of this method.

VI. ACKNOWLEDGEMENTS
The authors wish to thank from the Islamic Azad University for supporting projects. This research was
supported by Islamic Azad University, Kermanshah Branch, Kermanshah, Iran.

REFERENCES

[1] J. Rashidinia and R. Jalilian, Non polynomial spline of fourth order obstacle boundary value problems, Word Academy of Science,
Engineering and Technology. 52 (200) 200-206.

[2] J. Rashidinia and R. Jalilian, Spline solution of two point boundary value problems, Appl. Comput. Math. 9 (2010) 258-266.

[3] W.A. Day, Extension of a property of the heat equation to linear thermo elasticity and other theories, Quart. Appl. Math. 40 (1982)
319-330.

[4] W.A. Day, A decreasing property of solutions of parabolic equations with applications to thermo elasticity, Quart. Appl. Math. 41
(1983) 468-475.

[5] Y. Lin, An inverse problem for a class of quasilinear parabolic equations, SIAM J. Math. Anal. 22 (1991) 146-156.

[6] N.I. Yurchuk, Mixed problem with an integral condition for certain parabolic equation, Differential Equations. 22 (1986) 2117-
2126.

[7] Y.Liu, Numerical solution of the heat equation with nonlocal boundary conditions, J. Comp. Appl. Math. 110 (1999) 115-127.

[8] Zhi Zhong Sun, A high order difference scheme for a nonlocal boundary value problem for the heat equation, J. Comp. Meth. Appl.
1(2001) 398-414.

[9] M. Akram and M. A. Pasha, A numerical for the heat equation with nonlocal boundary condition, Int J. Inf. Sys. Sci. 1 (2005) 162-
171.




