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l. INTRODUCTION

The study of non-contraction mapping concerning the existence of fixed points draws attention of
various authors in non-linear analysis. It is well known that the differential and integral equations that arise in
physical problems are generally non-linear, therefore the fixed point methods specially Banach’s contraction
principle provides a powerful tool for obtaining the solutions of these equations which were very difficult to
solve by any other methods. Recently Verma [9] described about the application of Banach’s contraction
principle [2]. Ghalar [5] introduced the concept of 2-Banach spaces. Recently Badshah and Gupta [3], Yadava,
Rajput and Bhardwaj [10], Yadava, Rajput, Choudhary and Bhardwaj [11] also worked for Banach and 2-Banch
spaces for non contraction mappings. In present paper we prove some fixed point and common fixed point
theorems for non-contraction mappings, in 2-Banach spaces motivated by above, before starting the main result
first we write some definitions.

Definition (1.2A), 2-Banach Spaces:

In a paper Gahler [5] define a linear 2-normed space to be pair (L,”. ,||)Where L is a linear space and ||,|| is
non negative , real valued function defined on L such that a,b,c e L

0] ||a, b|| =0ifand only if a and b are linearly dependent

() [a.b=[b.a]

iy [/ =|B[ab], Bis real

) [ab+c|<|ab|+|ac]

Hence ||,|| is called a 2-norm.

Definition (1.2B):

A sequence {Xn} in a linear 2-normed space L, is called a convergent sequence if there is, X € L, such that

lim|x, —x,y|=0forall yeL.

N—o0

Definition (1.2C):
A sequence {Xn} in a linear 2-normed space L , is called a Cauchy sequence if there exists Y, z € L, such that
Y and Z are linearly independent and
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lim |x, —x,,y|=0
m,n—»0
Definition (1.2D):
A linear 2-normed space in which every Cauchy sequence is convergent is called 2-Banach spaces.

1. MAIN RESULTS
Theorem 1.1:

Let T be a mapping of a 2-Banach spaces into itself. If T satisfies the following conditions:

T2=1,where | isidentity mapping (1.1)
3
rctyaf =Tl =Tal | ly=Tyaly-TxalTyal oyl
Ix—y.a| Ix-y, a||2 w2
x=Tx,a|+||ly—-Ty,a x=Ty,a|+|y-Tx,a
ﬂ{n [oly=Ty "HH vally "}nnx—y,an

Where X =y, a> 0 isreal with 8 +103+ 4y +25+31 >4 .Then T has unique fixed point.
Proof: Suppose X is any point in 2-Banach space X .

Taking y:%(T+I)x , 2=T(y)
|z—x,a|= HTy ~T2x, aH =[Ty-T(Tx), 4|
ly-Ty.a|Tx—T(Tx), 4| . [Tx=T(Tx),a[Tx-Ty,af|y =T (Tx), &+ [y -Tx, a||3

za .
ly-Tx4] ly-Tx.al
. }{”y ~Ty,a|+ ||;’x ~T(Tx), a” N 5{||y ~T(Tx), a||2+ [Tx-Ty, a” raly-Txal

L LS 5 rx=x,alf[x—y,a|+y -Ty.al]ly - xa] +|y-Txa]’
- 1 1 2
E||x—Tx, a Z||x—Tx, a

N {Ily Ty, a||+|ff><—><,a||}+ 5{”3/ —x3+[Tx-y.a] +]y-Ty.qf

5 5 }+77||y—Tx, a||

1 1 1
Tx—x, a||[2||x Tx,a+y-Ty. a||}2||x Tl x-Txaf
>2a|y-Ty,a|+ B

E”x—Tx, a||2
4

+Q||x ~Tx, a||
2

1 1
Zlx=T x-T T
+]{||y—Ty,a||Z||Tx—x,a||}r5 2||X X,a||+2||x2 x,a|+|y-Ty,a]

-] EY R I Y.
2 2aly Ty,a||+2{4[2nx Tl |+

N {IIV-TV’ aII;LITFX— x,a||}+ {IIX—TX' all;lly—Ty’ a

}LQHX—TX, el
2
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>2a|y-Ty,a|| +§[2||x ~Txa|+4|y-Ty,a]+|x-Tx, a||]

o
+§UIV—T% a||+||T><— X,a||]+—UIX—TX, a||+||y—Tv’ all+ 7 x-Tx.a

> §||X—Tx,a||(3ﬂ+7+5+77)+E||y—Ty,a||(4a +4ﬁ+7+§)

Now for
Ju—x.a]=[2y—z-x.a| =[Tx-Ty,q|

, xxally-Ty.al - ly=Ty.ally-Txalx-Ty,a +[x-y.a]

poval 7 h-v.al
W{nx—manzny—w,aq+5{||x—w,a||;ny—malqmnx—y,an
1 1 1 3
eyl ||y—w,a||2||x—Tx,a||[2nx—Tx.a||}+8||x—Tx,a||
2x-Txal Ix-Txalf

1 1
_ _T - _T
ﬂ{”x—Tx,a||+||y—Ty,a||]+5 x-Txal+ 2 [x-Tx 2

+Lx~Tx,a]
2 2 2

Xx—Tx,a -Ty,a
Z2a||y—Ty,a||+ﬂ||y—Ty,a||+§||x_'rx,a||+{” [ +]y-Ty ”

2

+§||X_Tx, a||+2||x_Tx,a||

> x—Tx, a||( +g+g+ J ly Ty, a||[2a+,8+ J
||x Tx,a|(B+y+5+n)+ ||y Ty,a|(4a+2B+y)

Now
|2—u.a]=[z—xa]+[x~u,a|

2013

> Hx-Tx @+ 5 4m)e Ly —Ty.alfac 45+ -+ 0)s Lx-Tral(py +5+m)

1
+—||y—Ty a|(4a+2B8+y)

||x —Tx, a|| 3B+y+S+n+fry+5+n)+ ||y Ty.a| (da+4p+y+S+4a+2B+y)

||x —~Tx, a|| Af+2y+25+2n)+ ||y Ty, a|| (Ba+6p+2y+5)

1.3)
On the other hand
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[2-u.a]=[T(y)-(2y-2)|

~[T(y)-2y+T(y)d

=2|rfy—y al (L)
so 2[Ty-vy,a|>= ||x Tx,a|(4B+2y +25+2n)+ ||y Ty,a|(Br +64+2y +1)

[4—(8a+6,6+2;/+77 Ny-Ty.a= 4,B+27/+25+277]|x—Tx,a||
4-(Ba+68+2y+n)

= [x-Txal< 4f+2y+25+27 Iy=Tv.4|
= [x-Tx.a|<k|y-Ty.a| as (8 +108 + 4y +25 +3n > 4)
Where k:4—(8a+6,3+2y+77)<1
A +2y+20+2n

Let R=%(T+I) , then

HRZ(X)— R(x), aH =[R(R(x))-R(x).4]
- IR(y)-y.al=3ly-Ty.a

<3fx-Txal
By the definition of R we claim that {R”(x)} is a Cauchy sequence in X , {R”(x)} is converges to so element
X, in X . So Lm{Rn (X)}= X . S0 {R(X, )} =X, . Hence T(X, )= X,
S0 X, is a fixed point of T .

Uniqueness:
If possible let Y, # X, is another fixed point of T .Then

[%o = Yo.al =[x, =Ty, 4]
”Xo T, al|yo = TYo, a|| [Yo =Tyo. &lllye =T, &% —Tyo, a + % — vo, a||3
+p 2
[ = ¥o. 3] [ = Yo. 3]
N {leo T, alﬂyo -, all} N {IIXO —Tyo'allzllyo %, 4]
2ﬂHXO _yo’aﬂ‘kéﬂxo _yOla”+77HXo _yo’a”
>(B+5+1)% —Yo. 9

Which is contradiction so X, = Y, .Hence fixed point in unique.

}+w&—wan

Theorem 2.1:

Let T and G be two expansion mappings of a 2-Banach space X into itself. T and G satisfy the following
conditions:

(21) T and G commute
@1)T2?=1 and G® =1, where | is identity mapping.
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2.3)
3
Tx—Ty, 8>« [Gx—Tx,a||Gy —Ty. 4] N |Gy —Ty. al||Gy —Tx, a|||Gx —T)z/, al+|Gx -Gy, a|
[Gx—Gy,q| [Gx—Gy,a|
N y{”Gx ~Tx, 4 ; ey -Ty, a||J N éﬂGx,Ty, a +2||Gy —Tx, a||} +7|Gx—Gy.a|

For every X,y € X,a, 3,7,8,17 € [0.1] with x # y and ||Gx—Gy|| #0and f+0+n>1.
Then there exists a unique common fixed of T and G such that T(X0 ) =X, and G(XO ) = Xg-

Proof: -
Suppose X is point in 2-Banach space X it is clear that (TG )2 =1

le(G2x)-T(G%x) dc(c2y)-T(Gy) 4

lc(G2x)-G(G?y) 4
s lo(G?y)-T(G%y) allc(c?y)-T(G%x) a|c(G?x)-T(G?y) a| + [6(c°x)- G(G?y) o
le(G?x)-G(G%y) a|

HG(GZX)—T(sz), a| +[c(G2y)-T(G?y) a\q N 5{”G(sz)—T(Gzy), a| +|c(Gy)-T(G?x) a\q

2 2

[TGG(x)-TGG(y) a]|>a

+r

+7|6(G2x)-G(G?y) a|

. [Gx—TG(Gx),a|Gy —TG(Gy). 4| y Gy - TG(Gy) a|||Gy ~ TG(Gx),a|||Gx - TG(Gy)| +||Gx - Gy, a|’

Icx -Gy, a|* Icx -Gy, a|’
N [Gx—TG(Gx),a|+||Gy —TG(Gy) 4| s [Gx—TG(Gx),a|+|G(y)-TG(Gx).a]
d 2 2
+17|Gx—Gy, 4|

Taking G(x)=p ,G(y)=q, where p=q

[p-TG(p)alla-TS(@a] , ;Ja-TS(a)alla-TS(p)allp-TS(a)+|p—a.af

Za'|

[p—a.al [p—a.a’
-TG(p)a|+|g-TG(q) a -TG(q).al|+||q-TG(p) a
+7{np (p)al+]a-T6(@) Hﬂ{np (@)al +Ja-TG(p) II}nnp_q,a”

Taking TG = R we get
a—R(a).afla—R(p).af|p-R(@)+]p—a.a]"

p—R(p)ala—R()a|
lp-a.af

Ip—a.af

. {Ilp— R(p).a]+[a~ R(p)yalll}+ 5{||p— R().a+[a—R(p).3
2 2

It is clear by theorem (1.1); that R=TG has at least one fixed point say X, in K that is

R(XO):TG(XO):XO

Andso T(TG)x,)=T(x,)

or T?(Gx,)=T(x,)

G(Xo ) = T(Xo)
Now

||R(p)—R(q),a||2a”

Y;;

}nnp—q,an
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||Tx0 Xo.a] = ”‘I’xo ~T?(x,) aH_||Tx0 ~TT(x,).4
I6(0) =T (%), 8| GT (%)~ T(Tx; ). a
[G(x,)—G(Tx,).a]
||G('|'X )=T (T%,),al|G(T%,) =T (x,). a[J|G(x,)— T (Tx, ), & + |G (x, )~ G(Tx, ). &l
IG(%)-G(Tx, ). a[’

. }{”G(xo )—T (%) a] +[|G(Tx, )~ T (Tx, ), a||} N 5[||G(xo )—T(Tx, )8+ [G(Tx, ) —T (X, ), a”

2 2
+77)G(x,) - G(Tx, ), 2|
=(B+3+n)Tx —%,.4
so T(X,)=%, (B+y+n>1)
Thatis X, is the fixed point of T .
But T(X,)=G(X,) so G(X,)=X,.
Hence X, is the fixed pointof T and G .

Uniqueness:
If possible let Y, # X, is another common fixed point of T and G .

Then ||X0 — Yo a|| = ”T ? (Xo )—T 2 (yo ), a” = ||T (T (Xo ))_T(T(yo ))’ a”

6(M6)-T(1x), a|G(Tyo )~ T(Ty ). 3
IG(Tx,)—G(Ty, ). 4
IIG(Tyo) T(Tyo) |6 (Tyo) =T (Tx,). a|G(Tx,) = T (T, ). & + [G(Tx, ) — G(Tyo ). &
I6(T%,)—G(Ty, ). a|

n 7/[ ”G (Txo ) -T (TXO )- a” + ”G(TYO ) -T (Tyo )- alq n 5|: ”G (Txo ) -T (Tyo ), a” + ”G (TYO ) -T (TXO )' alq
2 2

+17]G(T% )~ G(Ty, ). 4

> %o Yo, @+ 8%, Yo, 8 + 1%, ~ ¥o,a]

>(B+35+1)% — Yo.4
But f+5+mn>1

So X, =Y,. So common fixed point in unique.
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