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Abstract: In this paper, we apply the Adomian decomposition method (ADM) and Modified decomposition
method(MDM) to four different types of nonlinear partial differential equations(PDEs). The proposed Adomian
and Modified decomposition methods was applied to reformulated first and second order initial value problems,
which leads the solution in terms of transformed variables, and the series solution will be obtained by making
use of the inverse operator. The results indicate these methods to be very effective and simple.
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l. Introduction

The Adomian decomposition method has been receiving much attention in recent years in applied
mathematics in general, and in the area of series solutions in particular[1-5]. The method proved to be powerful,
effective, and can easily handle a wide class of linear or nonlinear, ordinary or partial differential equations, and
linear and nonlinear integral equations [6-10]. The Adomian decomposition method was introduced and
developed by George Adomian in [10-18] and is well addressed in the literature.

This paper is arranged as follows. In Section 2, the, Adomian decomposition method. In Section 3,
The Modified Decomposition Method. In Section 4, numerical examples. The conclusions appear in Section 5.

1. The Adomian decomposition method
In this section of nonlinear partial differential equations will be examined by using Adomian
decomposition method. Systems of nonlinear partial differential equations arise in many scientific models such
as the propagation of shallow water waves and the Brusselator model of chemical reaction-diffusion model. To
achieve our goal in handling systems of nonlinear partial differential equations , we write a system in an
operator form by

Liu+L,v+ N;(u,v) =g

Liu+Lyv+Ny(uv) =g, Q)
With initial data
u(x,0) = fi(x),

v(x,0) = f,(x), )
Where L,and L, are considered, without loss of generality, first order partial differential operators,N; and N, are
nonlinear operators, and g,and g, are source terms. Operating with the integral operator L;* to the system (1)
and using the initial data (2) yields

u(x,t) = fi(x) + Li'gy — L' Lyv — LNy (u, v),
v(x,t) = f,00) + L' g, — L' Lyv — L' Ny (w, ), ®3)

The linear unknown functions u(x, t) and v(x, t) can be decomposed by infinite series of components
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u(x, t) = Z u, (x,t),

n=0

v(x,t) = Xn=o vy (v, )(4)

However, the nonlinear operators N; (u, v) and N, (u, v) should be represented by using the infinite series of the
so-called Adomian polynomials A,, and B,
As follows:

N;(u,v) = Z A,
n=0

N, (u,v) = ¥5=0 By, )

Where u,, (x,t) and v,(x,t),n =0 are the components of u(x,t) and v(x,t) respectively that will be
recurrently determined, and 4,, and B,,,n = 0 are Adomian polynomials that can be generated for all forms of
nonlinearity. Substituting (4) and (5) into (3) gives

Zu (68 = f1() + L' gy - L'L, (Z %) - Ll(ZAn)

=0
Yin=0Vn (X, t)—fz(X)+L? Y92 = L' L (o un) — L' (257 oB) (6)
Two recursive relations can be constructed from (1.6) given by

ug(x,t) = fi(x) + L' gy,

U1 (x,8) = =L (Lyvy) — L (A, k>0, ©)
vo(x, t) = fo(x) + Li ' ga,
V1 (0, 8) = =L (Lewy) — L (By), k>0, 8)

It is an essential feature of the decomposition method that the zeroth components

ug (x, t)andv, (x, t) are defined always by all terms that arise from initial data and from integrating the source
terms. Having defined the zeroth pair (ug, vy), the remaining pair (u;, v, )k = 1 can be obtained in a recurrent
manner by using (7) and (8) . Additional pairs for the decomposition series solutions normally account for
higher accuracy. Having determined the components of u(x,t)and (x,t) , the solution (u, v) of the system
follows immediately in the form of a power series expansion upon using (4).

I11. The Modified Decomposition Method

The modified decomposition method will further accelerate the convergence of the series solution. It is
to be noted that the modified decomposition method will be applied, wherever it is appropriate, to all partial
differential equations of many order. To give a clear description of the technique, we consider the partial
differential equation in an operator form

Lu+Ru=g,(9)
Where L is the highest order derivative, R is a linear differential operator of less order or equal order to L, and g
is the source term. Operating with the inverse operator on (9) we obtain
u=f—L1(Ru), (10)
Where f represents the terms arising from the given initial condition and form grating the source term g. Define
the solution u as an infinite sum of components defined by
U= Y=o Un(11)
The aim of the decomposition method is to determine the components u,,,n = 0
Recurrently and elegantly. To achieve this goal, the decomposition method admits the use of the recursive
relation
ug = f,
U1 = —L7Y(Ruy), k=0. (12)
In view of (12), the components u,,, n > 0 are readily obtained.
The modified decomposition method introduces a slight variation to the recursive relation(12) that will lead to
the determination of the components of u in a faster and easier way. For specific cases, the function f can be set
as the sum of two partial functions, namely f;and f,.In other words, we can set
f=H+1 (13)

Using (13), we introduce a qualitative change in the formation of the recursive relation (12). To reduce the size
of calculations, we identify the zeroth component u, by one part of f, namely fior f,. The other part of f can
be added to the componentu; among other terms. | n other words, the modified recursive relation can be
identified by
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Uy = fi,
u; = f, — L1 (Ruy),

uk+1 = —L_l (Ruk),k > 1. (14)

Tow important remarks related to the modified method can be made here.

First, by proper selection of the functions fiand f,, the exact solution u may be obtained by using very few
iterations, and sometimes by evaluating only two components. The success of this modification depends only on
the choice of fiand f,, and this can be made through trials . Second , if f consists of one term only, the standard
decomposition method should be employed in this case.

V. Numerical Examples
Example 1. Consider the following nonlinear system;
Uy T+ VW) — VW, = —U,
v +weu, Fwyu, =,
w, + U, v, +u, v, = w, (15)
With the initial conditions
u(x,y,0) =e*, v(x,y,0) =e*Y,w(,y0) =e*t (16)
Solution.
Operating with L;!,we obtain
u(x,y, t) =e*™ + L{l(vywx - vw, — u),
v(x,y,t) =e* Y + L7 (v — Wy, — wyux),
w(x,y,t) = e + L7 (w —w,v, —u,vy) (%))
Substituting the decomposition representations for linear and nonlinear into
(17) yields

0

Y=t s (Ya -3 )
n=0 n=0 n=0

n=0
2 v, (x,t) = e* Y + L <Z Un = Z G = Z Dn>’
n=0 n=0 n=0 n=0

Zf:ﬂ Wn (x, t) =e™ + L?l (Zf:o Wn — Z:=0 En - Z:lo=0 Fn)(18)

Where A, B, Cy, Dy, E,, and F,are Adomian polynomials for the nonlinear terms v, w,, v, wy, w,u,, wyu,, U, v,
and u, v, respectively.

Three recursive relation can be constructed from equation (18) given by:

uy = e,
Uy = L (A —Bg —ug), k=0 19)
vy =e*7?,
Vip1 = L' (0 — Cx = D), k=0 (20)
and
wy = e~y
Wi = L' (W, — Ex = Fy), k20 (21)

We list the first three Adomian polynomials as follows:
For v, w, we find

Ay =vo,Wo,,
A = V1, Wo, + Vo, W1,
Ay = vy Wy, + V1, Wy, + Vo, W,
For v, w, we find
By = vo, wo,,
B, = V1, Wo, + Vo, Wi,
B, = Uy Wo, TV, Wy, + 1, Wy,

For w,u, we find
CO = Woxuoy,

Cl = Wlxuoy + Woxuly,
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CZ = szuoy + Wlxuly + Woxuzy,
For wyu, we find
DO = Woy uox,
D]_ = leuox + Woy ulx,
Dy = wy ug, +wy Uy, +wo Uy,
For u, v, we find
Ey = ug, v,
E]_ = ulxvoy + uox Uly,
E2 = uZXVOy + ulxvly + quvzy,
For u, v, we find
FO = uoy on,
Fl = uly on + uoy le,
Fz = uzy vox + uly le + uOy vzx,
Using the derived Adomian polynomials into equations (19), (20) and (21), we obtain:

uy = e, vy = e* 7, wy = e ¥t
u; = L' (Ao — By — ug) = —te**”
vy = L' (v — Co — D) = te* ™

wy =Lt (wy — Ey — Fy) = tze_ﬁy

t
U, = L' (A4 — By —uy) = Eeﬁy
2!
-1 t —x+y
vy = L (Ul—Cl—D1)=§e
2
-1 t —x+y
wy, =Ly (wy — By — Fy) =§e
w3

-1 t x+
uz =L (A — By —wp) = _ge Y
v =ie"'y ws = ie"”'y
3731 ST
And so on,
The solutions u(x, y,t), v(x,y,t) and w(x,y,t) in a series form are given by:
2 3
— ox+ x+ £ ox+ £ ox+ — Lxty—t
u(x,y, t) =e ™ —te y+ze Y — 5 Y= e TH(22)
— X —y oy e — XY+t
v(x,y,t) = e* Y +te* Y + e’ + et 4 = e TVTH(2Y)
2 3
w(x,y,t) = e ™ 4 te ¥ty +t2—|e_"+y + tg—'e"‘“’ + o= eTFYF(24)

Which are the exact solutions.
Example 2. Consider the following nonlinear system:
U+ u vy —u, v, +u =0,
vy + W, —vyw, —v =0,
w, + weu, + wyu, —w = 0,(25)
With the initial conditions
u(x,y,0) =e*?, wv(x,v,0) =e* Y, w(x,y,0) =e *t(26)
Solution.
Operating with L;*,we obtain
u(x,y,t) = e + L7 (wyv, —u,v, —u),
v(x,y,t) = e + L7 (v + vw, — vowy),
w(x,y,t) = e + LY (w — weu, —wyu,), (27)
Substituting the decomposition representations for linear and nonlinear into
(27) yields

0

D =ert e (Y=Y n =)
n=0

n=0 n=0 n=0

2022
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Dnco=er e (Yury oY)
n=0 n=0 n=0 n

=0

YrmoWn (8) = e + L (oo Wy — Xm0 En — Xm0 F)(28)

Where A, B, Cy,, Dy, E, and F,are Adomian polynomials for the nonlinear terms w, vy, u, vy, v, wy, v, Wy, U, wy
and w, u,, respectively.

Three recursive relation can be constructed from equation (28) given by:

Uy = ex+y‘

U = L (A —Bx —ug), k=0 (29)
vy =e*77,

Vi1 = L;l(vk + CK - DK)' k > 0 (30)

and
wy = e—x+y

Wip1 = LWy —Ex —Fy), k=0 (31)

We list the first three Adomian polynomials as follows:
For u, v, we find
AO = uoyvoy,
Al = uly Voy + uoy Uly,

A, =uy, v UL v Uy U
2 2, Vo, U, V1, + U, V2,

For u, v, we find
BO = quUOX,
Bl = ulxvox + uoxle,
BZ = uvaox + ulxle + uoxVZX,

For v, w,, we find
CO = on Woy,
Cl = vlyWOy + voywly,

C2 = UzyWOy + Uly le + onWZy

For v, w, we find
Dy = vy wy,
Dy = vy wy, + v Wy,
Dy = vy wy, + vy Wy + vy Wy,

For u, w, we find
Ey =ug wy,,
Ey =ug wo, +ug wy,
Ey =uy wo, +ug wy, +ug wy,

For wyu,, we find
FO = Woyuoy,
Fl = leuoy + Woyuly,

Fz = WszOy + leuly + WoyuZy
Using the derived Adomian polynomials into equations (29), (30) and (31), we obtain:

uy = e, vy = e* 77, wy = e ¥t
uy = Ly (Ag — By — up) = —te**”
v = L;l(vo + CO - Do) = tex_y

wy =L (wy — Ey — Fy) = tze_x+y

-1 t x+y
u; =Ly (Ay — By —uy) =§e
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v, =L (v + G = Dy) = Eex_y
A
-1 t —x+y
wy = Lt (wy — By — Fy) de

Ot t3
ug = Ly <—?ex+y> = —ge“y

t? t3 t2 t3
— 71 _ox=y | =__,x—y — 71| _oxty | = __ p,—x+y
v3 = L; <2!e ) 3!6 , W3 = L (2!6 3!e

And so on,
The solutions u(x, y, t), v(x,y,t) and w(x,y,t) ina series form are given by:
— ox+ + 2 x+ £ x+ — Lxty—t
u(x,y, t) = e "y — te*ty +oetY — et 4 = et (32)
2 3
v(x,y,t) =e* 7 +te* ™V + tz—'ex_y + t3—'ex_y + o= e¥7YH(33)
T2 C.3
w(x,y,t) = e ™ +te ¥ty +t2—!e‘x+y + %e_”y + = eT¥YH(34)

Which are the exact solutions.
Example 3. Consider the following nonlinear system:
U +u v, —wy, =1,
vetvwy, tu, =1,
w, + weu, — v, = 1,(35)
With the initial conditions
ulx,y,0)=x+y, v(xy 0 =x—ywlky0)=—-x+y (36)
Solution.
Operating with L;!,we obtain
u(x,y,t) =x+y+t+ L;l(wy —uv,),
v(x,y,t) =x—y+t+ L7 (-u, —vw,),
wlkx,y,t)=—x+y+t+ L{l(vy — Wy ), (37)
Substituting the decomposition representations for linear and nonlinear into

(37) yields
Zun (x,y,t) =X+Y+t+L?1<ZWny _ZAn>'
n=0 n=0 n=0

Zvn (x,y,t) =x—y+t_Lf_1<Zuny +ZBn>'
n=0 n=0

n=0

Ticown (6,7,6) = —x +y +t + L7 (Zio v, — X0 G ) (38)

2022

Where A,,, B,, and C,are Adomian polynomials for the nonlinear terms u, v,, v, w,,and w,u, respectively.

Three recursive relation can be constructed from equation (38) given by:

Uy =x+Yy,
u, = t+ L;l (Woy - Ao)
e = L (Wi, = 4y), k=1 (39)
Vo=Xx—Y,
Ul =t— Lt_l (uoy + Bo)
Ve = =Lt (we, + B), k=1 (40)
and
Wwo=-—x+Yy
wy = t+ Lt_l (on - Co)
Wi =Lt (v, = Cx), k21 (41)

We list the Adomian polynomials as follows:
For u, v, we find
AO = uoxvox,
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A]_ = ulx on + uox le,

For v, w, we find
BO = UOXWOX,
Bl = leWOX + voxwlx,

For w,u, we find
CO = Woxqu,
Gy =wy uy, +wp U,

Using the derived Adomian polynomials into equations (39), (40) and (41), we obtain:

Uy =x+Yy, Vg =Xx—Y, Wog=—x+Yy
w=t+L(1-1)=t
vy=t—L7'1-1)=t
wy=t+L(-1+1) =t

u, = L;'(0) =0,
v, =—L71(0)=0
wy = L;1(0) = 0,

A, =0,n=1
uk=0,k22
Uk=0,k22
Wk=0,k22

Which is leading to the exact solution
ulC,y,t)=x+y+t+0,
vix,y,t) =x—y+t+0,
w(l,y,t)=—x+y+t+0. (42)

Example 4. Consider the following nonlinear system:
u +uyv, =1+ef,
ve+tvyw, =1-—e,
w, +wyu, =1 —e™,(43)
With the initial conditions
ulx,y,0)=1+x+y, v(xy,0)=1+x—y,w(,y,0)=1—-x+y (44)
Solution.
Operating with L;*,we obtain
uCe,y, ) =1+x+y+t+e — L7 (uyv,),
vy, ) =1+x—y+t+et =L (v,w,),
wxy)=1-x+y+t+et+L'(wu), (45)
Substituting the decomposition representations for linear and nonlinear into

(46) yields
Zun yt)=1+x+y+t+et —L;1<2An>,
n=0 n=0
Zvn (x,y,t) = 1+x—y+t+e‘t—L;1<ZBn>,
n=0 n=0

TnzoWa Ly, ) =1—x+y+t+e™ — L7 (E7=C,)(46)
Where A, B,, and C, are Adomian polynomials for the nonlinear terms u, v,, v, w,,and w, u, respectively.
Three recursive relation can be constructed from equation (46) given by:

uy=1+x+y,
u, =t+e—L7'(4y)
U = —LN(A), k21 (47)
vy=1+x-—y,

vy =t+e "~ L' (By)
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Ve = —Li'(By), k=1 (48)
and

Wo=—Xx+y+t
v, =t+et—L71(Cy)

Wi = =L (C), k=1 (49)
We list the Adomian polynomials as follows:
For u, v, we find
Ay = Up, Vo,»

Ay = Uy, v, + U, Vs,

For v, w, we find
BO = onW()x,

By = vy, wo, +vo,wy,,

For wyu,, we find
Co = Wo, Uo,,»
Cl = le uoy + Woy uly,
Using the derived Adomian polynomials into equations (47), (48) and (49), we obtain:
uy=1+x+y, vo=14+x—-y, wo=—x+y+t
u=t+e-L;'(Q)=t+et—t=et
vy=t+e L7 =t+et—t=et
wy=t+e L' =t+et—t=e"
u = —L;'(4)) =0,
u; =—L;'(B) =0,
u = —L'(C) =0,

Accordingly, the solution of the system in a series form is given by
u=1l4+x+y+e'
v=1+x—-y+e~
w=1l-x+y+e" (50)

t

V. Conclusion
In this paper, we introduced of nonlinear partial differential equations, and solved them by using Adomian and
Modified decomposition methods. These methods are very effective and accelerate the convergent of solution.
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